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ABSTRACT
Tkti itady divT,dzd Ivito Tmo pcuvU: Rcuit I dojxlM mXk
tke. dzteAm,ncuU.on oi the. laZoA-oZ ton^Â,ondt buckling Zoadi bcm-
cûlimné ol mdc itungc cnoi>6-&cctloni, undcK a unla^aLty ccc&nüUc 
tku u t. The analyiZ& taka  Into account the Aatdual é th a s a , pAc- 
buckling dUplacements and strain-kandening. The e jec ts  theJse
^actont ane dtscussed tn detail.
The Investigation Is can/iled out In iouA steps to
determine:
1. The moment-thAust-cuAvatuae relationship
2. The cross-sectional mechanical properties
3. The end-moment versus end-rotation relationship
4. The value ol the lateral torsional buckling load
A good agreement Mas ^ound between the obtained results and 
the previously available experimental data.
The problem ol lateral buckling oi beams, under equal end 
moments, Is treated as a special case o  ^ the unlaxlally loaded beam- 
columns with a zero axial load.
I l l
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T a r t  II deaü) with, th e  d e te rm in a tio n  th e  uJLtm ate  
eanrying ca p a c ity  o l  w id e -fla n g e  beam-columns loaded  b ia x ia l ly .  A 
m o d ified  num erical procedure to  o b ta in  th e  column d e f le c t io n  curves i s  
p rese n ted . Some s im p li fy in g  a ssum ptions, which do n o t v io la te  th e  
boundary co n d itio n s  o f th e  problem , are  made.
The in v e s t ig a t io n  i s  perform ed i n  th r e e  s te p s :
t .  D eterm ina tion  Of th e  m o m e n t- th ru s t- tw is t-c u rv a tu re  
r e la t io n s h ip .
2. D eterm ination  o f th e  c r o s s - s e c t io n a l ' m echanical p r o p e r tie s .
3. D eterm ina tion  o f th e  end-moment versus e n d -ro ta tio n  
r e la t io n s h ip .
In t h i s  a n a ly s is  th e  s tra in -h a rd e n in g  i s  n e g le c te d , whereas 
t h e  r e s id u a l  s t r e s s e s  are  considered  i n  th e  m athem atica l fo rm u la tio n s  and 
n eg lec te d  i n  th e  num erical c a lc u la tio n s .
The r e s u l t s  o b ta ined  are compared w ith  th e  p rev io u s  e x p e r i­
m en ta l d a ta  and th e  CRC in te r a c t io n  equa tion .
i v
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LIST OF NOTATIONS
Ag = area of  cross sec t ion;
By = bending r i g i d i t y  about the  x- "and y -  axes r e s p e c t i v e l y ;
b = width o f  flange;
[c ]  = square matrix;
Cj = St.  Venant‘s tors ional r i g i d i t y ;
= Warping r i g i d i t y ;  
d = depth o f  wide-f lange sec t ion ;
D = h a l f  depth of  the  web;
Dj = l a t e r a l - t o r s i o n a l  buckling c o e f f i c i e n t ;
= Ky X 10  ^ .
-St
Ap d2
E = modulus o f  e l a s t i c i t y ;
= strain-hardening modulus;
= e c c e n t r i c i t y  of  the load P in the x -d irec t io n ;
By = e c c e n t r i c i t y  o f  the  load P in  the  y - d i r e c t i o n ;
[ I ]  = id e n t i ty  matrix;
ly ' = iï:cr;iant of i n e r t i a  about the  x- and y -  axes r e s p e c t i v e l y ;
I = polar moment of  in e r t ia ;
Ift»  Ifh = the moment o f  in e r t ia  about the y -  ax is  for  the e l a s t i c
parts of  the top and bottom flanges  r e sp e c t iv e ly ;
Ki.Kn.K- = factors  def ining the dimensions of the c ro s s - se c t io n
'  ^ j  (Figure 1 .4 ) ;
Kf = St. Venant's tors ional constant ÿ  G [bt^ + (d-2t)w^];
v l
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L, i /  = length o f  the beam-column;
L/r% = major axis  slenderness r a t io ;
L/ry = minor axis  slenderness r a t io ;
Mg -  a p p l i e d  end  moment a b o u t  t h e  m a jo r  a x i s  ( u n i a x i a l l y
l o a d e d  b e a m h c o lu m n s ) ;
Mocr .= c r i t i c a l  end moment about the major axis (u n iax ia l ly
loaded beam-columns);
Moi = calcula ted c r i t i c a l  end moment about the major axis
(u n iax ia l ly  loaded beam-columns)
i^oi assumed c r i t i c a l  end-moment about the major axis  
(u n iax ia l ly  loaded beam-columns);
M^ max " maximum end-moment about the major axis  due to excess ive
bending (un iax ia l ly  loaded beam-coTumns);
M*,My,M^  = applied moments on a sec t ion  about the X-,  y -  and z -
axes r e sp ec t iv e ly ;
M^ ,M^ ,M^  = applied moments on a sec t ion  about the g - ,  G- and p-
axes resp ec t iv e ly ;
= applied moment on a sec t ion  about the x -a x is  at which 
y ie ld in g  f i r s t  occurs in f lexure  (P=0);
M^, MÏ = applied end moments at A about the  x- and y -  axes r e s p e c t i v e l y  ;'A* "A
P = axial load;
n? EI\Pg = Euler load =
L
P = axial load causing y ie ld in g  over the en t ire  c ro s s - se c t io n ;
r = radius of  gyration about the x- ax is ;
r = radius o f  gyration about the y -  ax is ;
r  = d i s tan ce  of any point on the  c ross -sec t ion  from s h e a r - c e n t r e ;
u, V = displacements in the X- and y-  d irect ion s ;
V. = pre-buckling displacements in the plane o f  the applied moment;
W = web th ickness;
X, y ,  z = system o f  axes used;
Til
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|x | = matrix containing e igenvectors;
X , Y = distance  between the shear centre and the centroid of  the
sec t ion  in the x- and y -  d irect ions  r e sp ec t iv e ly ;
3 = rotation of  the c r o s s - s e c t i o n  about the  shear centre;
8 " t h e  a n g l e  o f  t w i s t  o f  t h e  s e c t i o n  a t  m i d - s p a n ;
Gy , = normal s tra in ;
“ 1
Eg = Strain corresponding to the axial  fo rce ,  P ;
Gp = residual s tra in;
Gy^  = maximum compressive residual s tra in ;
Gpf = maximum t e n s i l e  res idual s tra in ;
Gg^  = Strain at the onset o f  the strain-hardening
G^  = warping s tra in ;
Gy = y i e ld  s tra in ;
G = normal s tra in  divided by y i e l d  s tra in ;
6 = bending s tra in  divided by y i e l d  s tra in ;
6 = bending and residual s tra ins  div ided  by y i e l d  s tra in ;
6 = bending and warping s tra in s  divided by y i e l d  s tr a in ;
— *
6 = bending, residual and warping s tra ins  div ided  by y i e l d
s tra in ;
cf = s tr e s s ;
On = residual s t r e s s ;
o g = maximum compressive residual s t r e s s ;
O f  = maximum t e n s i l e  residual s t r e s s ;
Oy = y ie ld  s t r e s s ;
= the ra t io  o f  the length of  y ie lded part in compression 
flange to h a l f  the flange  width (Figure I . l l ) ;
v l i i
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Op = the ra t io  of  the length of  strain-hardened part in
compression flange  to h a l f  the flange width (Figure I . l l ) ;
= the ra t io  o f  the length o f  y ie lded  part in tension flange  
to h a l f  the flange width (Figure I . l l ) ;
fp = the r a t io  of  the length o f  strain-hardened part in tension
flange to ha l f  the flange width (Figure I . l l ) ;
Y. = the ra t io  o f  the length o f  y ie lded  part in the compression
' s id e  o f  the web to the depth o f  the web (Figure I . l l ) ;
Yp = the ra t io  o f  the length o f  strain-hardened part in the
compression s ide  o f  the web to  the depth o f  the web
(Figure  I . l l ) ;
Y = the r a t io  o f  the length o f  y ie lded  part in the tens ion
3 s id e  o f  the web to the depth o f  the web (Figure I . l l ) ;
Y, = the ra t io  o f  the length o f  strain-hardened part in the
tension s id e  of  the  web to  the  depth o f  the  web (F igure  I . l l ) ;
Y = the ra t io  o f  the end-moment about the x -  d irec t ion  to  the
end-moment about the  y -  d i r e c t i o n  ( b i a x i a l l y  loaded beam- 
column);
= curvature;
4* = curvature about the x- axis  corresponding to i n i t i a l  outer
^ f ib er  y ie ld in g  (P=0, #7=0);
E , G , p  = system of  axes used in the  tw is ted  p o s i t i o n  o f  the  c ro s s -
s e c t i o n ;
[x] = matrix containing eigenvalues;
8 = end rotat ion;
7f a r  dAr = Wagner's e f f e c t .
i x
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PART I'
ELASTIC AND INELASTIC LATERAL TORSIONAL BUCKLING 
OF BEAM-COLUMNS UNDER UNIAXIALLY ECCENTRIC THRUST
R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .
CHAPTER 1 
INTRODUCTION
A p e r f e c t l y  s t r a i g h t  wide f lange  beam-column s u b jec ted  to  an 
axia l ,  fo rce  and end moments about i t s  major ax is  may f a i l  because o f :
1. Local buckling.
2. Excessive bending in  the  p lane  o f  app l ied  moments.
3.  La te ra l  t o r s io n a l  buck l ing .
The local buckling can be avoided by s a t i s f y i n g  s p e c i f i e d  width 
to  th ic k n e ss  r a t i o s  of  the  c r o s s - s e c t i o n a l  components (23,  61) which,  
f o r t u n a t e l y ,  a re  u s u a l ly  met in most wide f lange  shapes .  By e l im in a t in g  
the  loca l  buck l ing ,  the  r e l a t i o n s h i p  between the  app l ied  end moment. Mg, 
and the  r e s u l t i n g  end r o t a t i o n ,  Og, o f  a wide f lan g e  member fo llows one 
of th e  curves shown in  Figure I . l  in which the length as well  as the 
ax ia l  f o r c e ,  P, a re  assumed to  remain c o n s ta n t .  The optimum performance 
o f  the  beam-column i s  reached i f  f a i l u r e  i s  due to  excess ive  bending in 
the  plane  o f  th e  app l ied  moment (16,  30) ,  i . e .  p o in t  C-j on curve (a) with 
maximum moment
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I f  no adequate la tera l  bracing i s  provided, the beam-column 
d e f le c t s  l a t e r a l l y  out o f  the plane o f  bending with simultaneous rotat ion
r
before  acqu i r ing  i t s  maximum bending c a p a c i ty .  This behaviour s t a r t s  a t  
a b i f u r c a t i o n  po in t  C, with a corresponding  moment Mocr, ( F i g u r e ' I . l )  
beyond which the  Mg-Gg curve s lopes  upwards u n t i l  p o in t  C2 (curve b) 
i n d i c a t in g  the  c a p a b i l i t y  o f  the  member to  ca r ry  a d d i t io n a l  loading  in 
the  p o s t -buck l ing  range.  However, t h i s  a d d i t io n a l  loading  i s  g e n e r a l ly  
small (14, 17) and the  u l t im a te  s t r e n g th  of  the  beam-column i s  considered  
to  be reached a t  the  b i f u r c a t i o n  p o in t .
The problem o f  l a t e r a l  t o r s io n a l  buckling of  beam-columns has 
been e x ten s iv e ly  s tud ied  in the  e l a s t i c  range (9 ,  49,  54).  In the  i n e l a s t i c  
range ,  i t  was examined by Miranda (40,  41,  4 3 ) ,  who took i n to  account  the  
p re -buck l ing  displacements  of  the  beam-column ( i . e .  the  d e f l e c t i o n  in 
the  p lane  o f  app l ied  moment be fore  the  i n i t i a t i o n  of  the  l a t e r a l  t o r s i o n a l  
b u c k l in g ) ,  but  he neg lec ted  the  r e s id u a l  s t r e s s e s  and the  s t r a i n - h a r d e n i n g .  
Fukumoto (14,  15) a l so  examined t h i s  problem cons ide r ing  the  r e s id u a l  
s t r e s s e s  but n e g lec t in g  the  p re -buck l ing  d isp lacements  as well as the  
s t r a in - h a r d e n in g .  While the  p re s e n t  a n a ly s i s  was in p ro g r e s s ,  Lim (36, 37) 
was s tudy ing  the  same problem cons ide r ing  the  p re -buck l ing  d isplacements  
and the  r e s id u a l  s t r e s s e s  but n e g lec t in g  the  s t r a i n - h a r d e n i n g .  The 
e f f e c t  of  the  s t r a in -h a r d e n in g  on the  l a t e r a l  t o r s io n a l  buckling of  beam- 
columns appears  to have been always d i s re g a rd ed .
This study presents a so lu t ion  for the problem of  the e l a s t i c  
and i n e l a s t i c  la te r a l - to r s io n a l  buckling of  p e r fec t ly  s t r a ig h t  wide-f lange  
beamrcolumns subjected to axial force and equal end moments about the
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major a x i s .  The r e s id u a l  s t r e s s e s  and p re -buck l ing  disp lacements  are  
considered to g e th e r  with the  s t r a i n - h a r d e n i n g .
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CHAPTER 2
FORMULATION OF THE GOVERNING DIFFERENTIAL EQUATIONS
1.2.1 Assumptions
The d i f f e r e n t i a l  e q u a t i o n s ,  governing the  l a t e r a l  t o r s io n a l  
buckling o f  beam-columns under uni a x i a l l y  e c c e n t r i c  t h r u s t ,  have been 
t r e a t e d  e x t e n s iv e ly  (9 ,  14, 41,  54) based on the  fo l lowing  assumptions
1. The beam-column i s  p e r fe c t ly  s t r a i g h t .  The wide 
f lange  c r o s s - s e c t i o n  does not vary along the  
leng th  o f  the  member and reta ins  i t s  o r ig i n a l  
shape w i thou t  d i s t o r t i o n  p r i o r  to  and during 
buckling.
2. The d e f l e c t i o n s  and r o t a t i o n s  a re  smal l  com­
pared to  the  dimensions of  the  beam-column.
3.  The ax ia l  fo rce  and the  end moments a re  app l ied  a t  
the  ends.  The moments a re  equal and a c t  about the 
major axis  of  the  c r o s s - s e c t i o n .  The a x ia l  fo rce  
ac t s  along the  direct ion  of  the  o r ig i n a l  c e n t r o id a l
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6ax is  o f  the  c r o s s - s e c t i o n  and r e t a i n s  i t s  d i r e c t i o n  
u n t i l  f a i l u r e .
4. The m a te r ia l  i s  homogeneous and i s o t r o p i c  in both 
elastic and inelast ic  stages.
5. Axial sho r ten ing  of  the  beam-column i s  n eg lec ted .
6 . Unloading i s  no t  al lowed in the  i n e l a s t i c  p a r t s  of  
the  beam-column.
7. Yie lding i s  governed by normal s t r e s s e s  on ly ,
i . e .  the  e f f e c t  of  shea r  s t r e s s e s  i s  n e g lec te d .
1 .2 .2  Materia l  p r o p e r t i e s
The s t r e s s  s t r a i n  r e l a t i o n  f o r  specimens of  s t r u c t u r a l  m a t e r i a l s ,  
such as mild s t e e l ,  i s  shown in Figure 1 .2 .  This i s  an i d e a l i z e d  diagram 
which f a i r l y  r e p re se n t s  the  ac tua l  s t r e s s - s t r a i n  curve.  This diagram 
i s  v a l i d  f o r  both compression and ten s io n  s t r e s s e s  which can be formula ted 
as fo llows (39):
£
d = Es- E [ e '-± Ey] + r | ^ . , E .  [e i  ( 1 .2 .1 )
where:
a = the s t r e s s ;
E and Eg^ = th e  modulus o f  e l a s t i c i t y  and the  s t r a i n -  
hardening modulus r e s p e c t i v e l y ;
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Eu and Egi- = the  abso lu te  value  of  the  y i e l d  s t r a i n  
and the  s t r a i n  a t  the  onse t  o f  the  
s t r a in - h a r d e n in g  r e s p e c t i v e l y .
The two b racke ts  have the  sp ec ia l  s i g n i f i c a n c e  as fo l lows :
1 . when |e] < Gy, both b racke ts  d i sappea r ;
2 . when Gy < | g | < Gg^) only the  second b racke t  
d isappea rs ;
3. when | g | < G^^, both b racke ts  a re  taken in to  
c o n s id e ra t io n .
The s.ign in s id e  the  b racke ts  a re  p o s i t i v e  i f  g i s  neg a t iv e  and v ice  
ve r sa .
The proposed method of  a n a ly s i s  can be app l ied  to  any beam-column 
whose ac tua l  s t r e s s - s t r a i n  curve can be i d e a l i z e d  to  the  curve given in
Figure 1 .2 .  However, the  computations a re  c a r r i e d  out in  t h i s  s tudy f o r
the  case  o f  mild s t e e l  A36 which has the  fo llowing  p r o p e r t i e s ;
Oy = 36 Ksi (Yield s t r e s s )
E = 30 X 103 Ksi
^ = 0 . 0 2 2
G = 11.5 X 10^ Ksi ( shear  modulus)
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1 .2 .3  Residual S t r e s s e s
Residual s t r e s s e s  are  induced in  s t r u c t u r a l  members as a
r e s u l t  o f  p l a s t i c  deformations  due to  the fo l lowing (4 ,  17,  27,  32):
1. During the  process  o f  c o o l in g  from r o l l i n g  tempera ture  to  
room tem pera tu re ,  p l a s t i c  deformations  occu r ,  due to
the  f a c t  t h a t  some p a r t s  of  the  member cool more
r a p id ly  than the  o th e r s .
2. During cold bending of  the  specimen while being 
s t r a ig h t e n e d  or f a b r i c a t e d ,  p l a s t i c  deformations  
may occur .
Residual s t r e s s e s  are  a l so  induced in s t r u c t u r a l  members of  b u i l t -
up s e c t io n s  because o f  the  d i f f e r e n t i a l  hea t ing  and cool ing  o f  the  metal
during and a f ter  welding.
Tes ts  on r o l l e d  wide f la n g e  s e c t io n s  i n d i c a t e  t h a t  the  re s id u a l
s t r e s s  p a t t e r n  can be assumed, with s u f f i c i e n t  accuracy ,  as shown in
Figure  1 .3 .  The va lue  of  the  r e s id u a l  s t r e s s  a t  any p o in t  on the  s e c t io n
i s  given by the  equation  (4,  17, 27,  32):
0 _ a .
o _ 0 rc  - r t  , ,
( » / 2 ) ' ( 1 . 2 . 2 )
where:
= the  r e s id u a l  s t r e s s ;
o and a .^|. = maximum compressive and t e n s i l e  residual
s t r e s s e s  r e s p e c t i v e l y ;
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b = the  width of  the  f l a n g e ;
|x |  = the  abso lu te  va lue  o f  the  c o -o rd in a te  x (F igure  1.3)
The assumed r e s id u a l  s t r e s s e s  in the  s e c t io n  a re  in s t a t i c  
mquillbrlum with respect to axial force and moments. However, they are
n o t  in  equ i l ib r ium  with r e s p e c t  to  t o r s i o n  (34) ;  i . e . ,
/  ( 1 .2 .3 )
in which: p
r^ = XT + y
A g=  area  o f  the  c r o s s - s e c t i o n
The value  of  the  term r^  dA^ depends on the  dimensions o f  the  c r o s s -
s e c t io n a l  components. An express ion  f o r  t h i s  term w i l l  be given l a t e r  in 
the  de te rm ina t ion  o f  " the Wagner e f f e c t " .
Neglecting the  rounded c o r n e r s ,  f i l l e t s  and t a p e r s  in  the  c r o s s -
s e c t io n  o f  the  beam-column, the  cond i t ions  o f  s t a t i c a l  e q u i l ib r iu m  r e q u i r e
t h a t  the  r a t i o  o^ t  to  be:
V t bt
b t  +. w ,(d - 2 t )
rc
( 1 .2 .4 )
where:
d = the  depth o f  the  w ide-f lange  s e c t i o n ;  
t  and w = the  th ickness  o f  the  f lange  and of  the  web r e s p e c t i v e l y
In r o l l e d  wide-f lange  s e c t i o n s ,  the  r e s id u a l  s t r e s s e s  a re  
always l e s s  than the  y i e l d  s t r e s s e s ,  t h e r e f o r e ,  a corresponding r e s id u a l  
s t r a i n  can be in troduced by d iv id in g  both s id e s  o f  Equation 1 .2 .2  by 
E lead ing  to :
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in which:
Gn = the  r e s id u a l  s tra in ;
Gy,g and = maximum compressive and t e n s i l e  r e s id u a l  s t r a i n s  r e sp ec t iv e ly .
Using the  non-dimensional f a c t o r s  and to  d e sc r ib e  the  c r o s s -
s e c t io n  as shown in  Figure 1 .4 ,  Equation 1 .2 .4  can be w r i t t e n  as fo l lows :
! r t - ! n  = K -  b '^2
Crc °  1^ ^ 2  ' 3^ ( 1 . 2 . 6 )
In t h i s  a n a ly s i s  a va lue  o f  = 0.3 Oy (27) was used in the 
numerical  c a l c u l a t i o n s .
1 .2 .4  The governing d i f f e r e n t i a l  equat ions
The beam-column, p re s c r ib ed  by the  p rev io u s ly  mentioned 
assumptions, i s  shown in Figure I . 5 . I t  i s  su b jec ted  to  e c c e n t r i c  load P 
a t  i t s  ends.  The f ix e d  axes x ,y  and z are  orthogonal.  The e c c e n t r i c i t y  
o f  P a t  z = 0 and a= L i s  ey which i s  taken p o s i t i v e  in  the  p o s i t i v e  
d i r e c t i o n  of  y . Figure 1.6 shows a c r o s s - s e c t i o n  in  the  i n i t i a l  and 
buckled p o s i t i o n s .  The x- and y -  axes a re  the  principal axes of  the  
c r o s s - s e c t i o n s  in the i n i t i a l  p o s i t i o n  and a t  the  ends of  the  beam-column. 
In the  buckled p o s i t i o n ,  the  principal axes of any c r o s s - s e c t i o n  are  
denoted by the  ç- and the  z -  axes .  The p- a x i s ,  which i s  orthogonal  with 
the  Ç and z axes ,  i s  t an g en t  to  th e  def lec ted  beam-column ax is  a t  any 
c ro s s - se c t io n  along i t s  length .
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In f i g u r e  1 .5 ,  the  d isp lacements  a re  de f ined  as fo l lo w s :
ü / v  = th e  disp lacements  o f  the  shear  c en t r e
in  the  x- and y -  d i r e c t i o n s  resp e c t iv e ly ;  
the  d isp lacements  of the  c en t r o id  in the  
x- and y-  d i r e c t i o n s ;
= p re -b u ck l in g  d isp lacem ent ;  
p = a t o r s i o n a l  r o t a t i o n  about the  shear c e n t r e .
The d isp lacements  u, v ,  ü,  v  and vj are p o s i t i v e  in th e  p o s i t iv e  
d i r e c t i o n  o f  x-  and y-  axes,  whereas B i s  taken p o s i t i v e  by the  r i g h t -  
hand screw ru le .
A p o s i t i v e  moment or  torque w il l  be represented by a vector  
p o in t in g  towards the p o s i t i v e  d i r e c t i o n  of  the a p p r o p r i a t e  co-ordinate  
ax is  us ing the  r ig h t -h an d  r u l e  convent ion on the  f r o n t  f ace  and the  l e f t -  
hand r u l e  on the back face  ‘(F igure  1 .7 ) .
Since the  angle  B i s  assumed to  be sm a l l ,  the  displacements V and 
0 can be expressed as:
v  = v  ( 1 .2 .7 )
Ü = u + Yo B ( 1 . 2 . 8 )
where Y = d i s t a n c e  from c e n t r o i d ,  C, to  shear  c e n t r e ,  S.
The bending moments, at any p o in t  along the member, about the  
X- and y -  axes a re
M* = -P ( ey  -  -  v )  ( 1 . 2 . 9 )
= -P ( u  +  Y0 g) ( 1 . 2 . 1 0 )
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and th e  tw i s t i n g  moment about the  z - a x i s  i s
= 0 ( I . 2 .11)
The l a t e r a l  d isp lacem en ts ,  r e s u l t i n g  from the  r o t a t i o n  o f  the  
c r o s s - s e c t i o n ,  are  assumed to  be small compared to  the  l a t e r a l  d i s p l a c e ­
ments caused by bending. T he re fo re ,
dû _ du ( 1 . 2 . 1 2 )
dz " dz
The bending moments about t h e ç , ç and p axes a re :
M E = M* + M^ B ( 1 . 2 . 1 3 )
MS = -  M*B ( 1 . 2 . 1 4 )
MP = + ( 1 . 2 . 1 5 )
. dz dz
The f i r s t  t o r s i o n a l  moment, , i s  due to  the  t o r s i o n a l  e f f e c t  
o f  the  components o f  the  ax ia l  fo rce  with r e s p e c t  to  the  shea r  c e n t r e .  
Since the  ax ia l  t h r u s t  i s  constant and equal to  P ,  i t s  components in  the  
Ç and z d i r e c t i o n s  a re :  (F igure  1.8)
P5 = P ( 1 . 2 . 1 6 )
(1 .2 .1 7 )
The components and P '  a re  a c t i n g  through the  centroid of  the  
s e c t io n  and produce a torque  about the  shea r  c e n t r e , & , given by:
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pfT = P Yo ( 1 . 2 . 1 8 )
The second a d d i t io n a l  t o r s i o n a l  moment, i s  due to  the  
e f f e c t  o f  the  normal compressive s t r e s s e s  on the  warped c r o s s - s e c t i o n  (57) .  
This e f f e c t  i s  u s u a l l y  r e f e r r e d  to  as "Wagner's e f f e c t " .  The to r s io n a l  
moment Ff^ i s  equal to :
MP% = ( ;  o r% ( 1 . 2 . 1 9 )
in  which:
r^ = +. (y - y^)^  ( 1 . 2 . 2 0 )
S u b s t i t u t i n g  of  of Equations 1 .2 .18  and 1.2.19 in to  Equation 
1 .2 .1 5 ,  the  t o t a l  t o r s io n a l  moment, I f , i s  given by:
MP = (M* + PYo) a r% dA g^^l ( 1 . 2 . 2 1 )
S u b s t i t u t i n g  the  express ions  f o r  and from Equations 1 .2 .9  
and 1 .2 .10  i n to  Equations 1 .2 .1 3 ,  1 .2 .14  and 1 .2 .2 1 ,  y i e l d s  the  fo llowing 
exp ress ions  f o r  M^, and M^, a f t e r  n e g lec t in g  small q u a n t i t i e s  of  
h ighe r  o rd e r s :
+ P + v )  ( 1 . 2 . 2 2 )
= -[Mq + P (v^ + Y o ) ]  B - Pli (1 .2 .2 3 )
' f  = [M„ + P (vi + y „ ) ]  ^  o (1 .2 .2 4 )
The bending moments, M and can be r e l a t e d  t o  th e  corresponding 
cu rva tu re s  of  the  member about the  p r in c ip a l  axes of  the  c r o s s - s e c t i o n
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by (54) :
and
F d (v + V . )
= -By  ----   9- ! -  (1 .2 .2 5 )
dz^
2
= B d_U (1 .2 .2 6 )
^ dz
in  which:
By and By = The bending r i g i d i t i e s  about the  x- and y-  
axes r esp e c t iv e ly .
The r e l a t i o n s h i p  between the  t o r s i o n a l  moment, , and the  angle  
of  r o t a t i o n ,  g, has the  form (9 ,  20,  54):
MP = C_ dG _ c _  d^G ( 1 . 2 . 2 7 )
I dz W
where:
Cj = The S t .  Venant t o r s i o n a l  r i g i d i t y  o f  the  c r o s s -  
s e c t io n .
Cy = The warping r i g i d i t y  of  the  c r o s s - s e c t i o n .
By mathematical  m an ipu la t ion .  Equations 1 .2 .22  to  1 .2 .27  y i e l d  
the  fo l lowing d i f f e r e n t i a l  equa t ions :
By .  ( ^ "  + v " )  + Mo + P + v )  = 0 ( 1 . 2 . 2 8 )
By u" + +[Mo + P ( f j  + : f o ) ]  G = 0 ( 1 . 2 . 2 9 )
Cy 6 " ' - (Cy - /  a r^ dA^) 6 ' + [Mg + P (v^ + y o ) ] u ‘ = 0
 ( 1 . 2 . 3 0 )
The ' ,  " and i n d i c a t e  the  f i r s t ,  second and t h i r d  
d i f f e r e n t ia t io n s  with r e s p e c t  to  z.
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mEquation 1 .2 .28  governs the  m om ent- th rus t -cu rva tu re  r e l a t i o n s h i p  
(M-P-(j)) occu r r ing  among the  moment about the  x - a x i s ,  + P (v.| + v ) ,
th e  th ru st ,  P, and the  cu rv a tu re  c|)^  =v^." + v " .  This equat ion  i s  independent 
of  the  la tera l  displacement, u,  and th e  tors ional d isp lacem en t ,  g.
Therefore, i t  bears no e f f e c t  on the  l a t e r a l - t o r s io n a l  buckling of 
e l a s t i c  beam-columns. However, f o r  i n e l a s t i c  beam-columns, th e  M-P- 4  
re la t ion sh ip  does a f f e c t  the  l a t e r a l - t o r s i o n a l  buckling as i t  governs the  
s t r a i n  d i s t r i b u t i o n  in  cro s s - se c t io n s  and the  corresponding r i g i d i t y  
c o e f f i c i e n t s .  These c o e f f i c i e n t s  appear in  equat ions  1 .2 .29  and 1 .2 .30  
which govern the  l a tera l  t o r s i o n a l  buckling strength of beam-columns.
Boundary Conditions
The ends of  the  beam-column are free  to  r o t a t e  about e i t h e r  
p r in c ip a l  axis  with no disp lacement in e i t h e r  d i r e c t i o n .  They are  a l so  
free t o  warp but t h e i r  r o t a t i o n  about the  l o n g i tu d in a l  axis  ( z -a x i s )  i s  
p reven ted .
These boundary c ond i t ions  can be w r i t t e n  as fo l lows:  
at  z = 0 and z = L: u = u" = 3 = b" = 0 (1 .2 .3 1 )
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CHAPTER 3 
METHOD OF SOLUTION
*
Based'on'. the  previous- d e f i n i t i o n s  and boundary c o n d i t i o n s ,  the  
i n v e s t i g a t i o n  o f  the  l a t e r a l  t o r s io n a l  buckl ing o f  beam-columns,
( i . e .  the  d e te c t io n  o f  th e  b i f u r c a t i o n  p o i n t ,  c ,  on the  Mg - Gg curve .  
Figure  I . l )  r e q u i r e s  the  de te rm ina t ion  o f  the  fo l lowing fo u r  s t e p s :
1. The mom ent- th rus t -cu rva tu re  r e l a t i o n s h i p .
2.  The c r o s s - s e c t i o n a l  mechanical p r o p e r t i e s .
3. The end moment versus  end r o t a t i o n  r e l a t i o n s h i p .
4. The l a t e r a l  t o r s i o n a l  buckling s t r e n g t h .
1.3.1 Determinat ion o f  the  mom ent- th rus t -cu rva tu re  r e l a t i o n s h i p
This r e l a t i o n s h i p ,  known as M-P-# cu rves ,  i s  e s t a b l i s h e d  f o r  a
c r o s s - s e c t i o n  su b jec ted  to  ax ia l  f o r c e ,  P, and a moment a c t i n g  about the
a - a x i s ,  M^. Plane c r o s s - s e c t i o n s  are  assumed to  remain plane  a f t e r
16
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beam-column defo rm at ions ;  t h e r e f o r e ,  the  s t r a i n  a t  any p o in t  (x ,y )  on 
the  c r o s s - s e c t i o n  can be w r i t t e n  as fo l lows:
G = ^0 + y  + 6% ( 1 . 3 . 1 )
in which = the  average normal s t r a i n ,  i . e .
Go = ;  G dAg ( 1 . 3 . 2 )
y
(ji = the  c u rv a tu re  about the  x- ax is
4)Xy = the  f l e x u r a l  s t r a i n  r e f e r r e d  to  as e  ( e  =
The th ic k n e s s e s  o f  the  f langes  and web a re  smal l  canpared. 
to  the  dimensions o f  the  c r o s s - s e c t i o n .  Hence, the  s t r a i n s  a re  assumed 
to  be c o n s ta n t  oyer t h e se  t h i c k n e s s e s .  For a uni a x i a l l y  loaded beam- 
column, o f  w ide-f lange  c r o s s - s e c t i o n  con ta in ing  r e s id u a l  s t r e s s e s ,  the  
s t r a i n s  across  any s e c t io n  a re  symmetric about the  y -ax is  and can take  
any one o f  the  s ix t e e n  c o n f ig u ra t io n s  shown in Figure  1 .9 .  In case the  
s e c t io n  i s  f r e e  from r e s id u a l  s t r e s s e s  or  i f  the  r e s id u a l  s t r e s s e s  a re  
n e g le c te d ,  the  s t r a i n  c o n f ig u ra t io n s  become s ix  (Figure  I . 10)
The equ i l ib r iu m  between the  ex te rna l  and i n t e r n a l  fo rce s  
r e q u i r e s :
P = ;  o dAc ( 1 . 3 . 3 )
and M* = f a y  dA_ ( 1 .3 .4 )
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S u b s t i t u t i n g  Equation 1.2.1 in Equation 1 .3 .3  and d iv id in g  by the  a x ia l  
t h r u s t  Py which corresponds to  the  y i e l d  s t r e s s  l e v e l ,  l e ad s  t o :
^ -  T 7 ^ ‘ h  " c  ¥  / [ - %  ‘
.................... ( 1 .3 .5 )
where:
P = E =y Ac
A^  = 2 (Kg + 2KiK2) 0% ( 1 . 3 . 6 )
E,
The f i r s t  i n t e g r a l  of Equation 1 .3 .5  i s  equal to  -Û. (Equation
1 .3 .2  in the .hon-d imensiohal fo rm ) , while  the  second and t h i r d  i n t e g r a l s  are
the  s e c t io n a l  volumes of ± 11 and r— s _  ± _ i t  a r e s p e c t i v e l y  and can
Gy ^ Ey Gy J
be calculated numerically for any assumed strain configuration. Therefore, 
Equation 1.3.5 can be written in the form (38, 39)
9 + K ^%y + S = 0  ( 1 ,3 ,7 )
in which Q, R and S a re  c o e f f i c i e n t s  depending on the  t h r u s t ,  P, 
f l e x u r a l  s t r a i n s ,  r e s id u a l  s t r a i n s ,  geometry of  the  c ross  s e c t io n  and the  
assumed s t r a i n  c o n f ig u ra t io n .  '
The following equations  i l l u s t r a t e  the  c o e f f i c i e n t s  Q, R, 
and S f o r  the  s t r a i n  c o n f ig u ra t io n s  No. 2,  3 ,  8  in  Figure 1.9 which w i l l  
be shown l a t e r  to  be the  most p re v a l e n t  ones f o r  th e  case when r e s id u a l  
s t r e s s e s  a re  considered. In these  e q u a t io n s ,  the  c o e f f i c i e n t s  Q, R 
and S are  expressed in terms of  the  s t r a i n s  a t  the  p o in t s  1 to  6 
(F igure  1 .4 ) .  The s u b sc r ip te d  number in the s t r a i n  n o t a t i o n s  r e f e r s  to
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the  p o in t  a t  which the  s t r a i n  i s  cons idered .
For the  s t r a i n  co n f ig u ra t io n  No. 2 (F igure  1 .9 ) ,
(1 +  K , )  ( I . 3 . 8 . a )
( I . 3 . 8 . b )
Ai (-63 ^ 1 ) 2  p 
' ^ 6 , , ( l + K o ' )  + P 7  ( I . 3 . 8 . C )
For the  s t r a i n  co n f ig u ra t io n  No. 3 (F igure  1 .9 ) :
Q = 2^ ^  ( 1 . 3 . 9 . a)
(G^ + 1 )
R -  2A,| + ' - 1  . ( I . 3 . 9 . b )
s . A ,  (1^  + 6 ; % )  .
26g Py
. . . ( I . 3 . 9 . c)
For the  s t r a i n  co n f ig u ra t io n  No. 8  (F igure  1.9)
B, -  Bg
Q = _ — ( 1. 3. 10. a)
2 6 g
S -  .(A) - Ag) (6 3  + 6 g ) '+  2 (A] - .Ag 6 g t )  +
B] (%  + 1 )^ - 82  ( 6 5  + Ês t)  P 
+   ( I . 3 . 1 0 . C) ,
where :
A =  _  ( 1 . 3 . 1 1 . a )
 ^ 2 (K3 + 2 X^ X2 )
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Ag = ( ! | i )  A., ( i . s . n . b )
2(Kg + 2 K^Kg) ( I . 3 . 1 1 . C )
E
Bg = B-j ( 1 .3.11 .d)
in which: 6 = bending s t r a i n  d iv ided  by y i e l d  s t r a i n ;
- *
6 = bending and r e s id u a l  s t r a i n  d iv ided  by y i e l d  
s t r a i n ;
S c  ~ maximum compressive r e s id u a l  s t r a i n ,  
d iv ided  by y i e l d  s t r a i n ;
= the  abso lu te  va lue  o f  the  s t r a i n  a t  the  onse t  
o f  the  s t r a in - h a r d e n in g  d iv ided  by the  y i e l d  
s t r a i n ;
Expressions  f o r  Q, R and S were de r ived  f o r  each o f  the  s t r a i n  
c o n f ig u ra t io n s  shown in Figures 1.9 and I . 10 and a re  given in Tables 1 
and 2 .
The s o lu t io n  of  Equation 1 .3 .7  i s :
fo  _ - R ± - 4QS
Gy 2Q ( 1 . 3 . 1 2 )
Examination o f  Equation 1 .3 .12  shows t h a t  the  nega t ive  s ign  
i s  the  one to  be taken .  This i s  because must in c re a se  a l g e b r a i c a l l y  
with P. There fo re ,
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= -  R -  /pZ -  40S ( 1 . 3 . 1 3 )
Gy 2 Q
S u b s t i t u t i n g  Equation 1.2.1 in  Equation 1 .3 .4  and d iv id in g
wX
by the moment y »  a t  which y i e l d i n g  f i r s t  o c c u r s  due  t o  f l e x u r e ,  l e a d s
to :
where :
m!L = D i l i i a i  (A y (&_) dA, - / y  1 ] dA, ^
My X Gy
+ ( - |^ )  A y  [ |^  A dAc)  ( 1 . 3 . 1 4 )
My = E Gy ¥ x
^ D (1 1 : Kg) (1 .3 .1 5 )
ly  = moment o f  i n e r t i a  o f  the  s e c t io n  about the  
x - a x i s .
D = h a l f  depth of  th e  web
The f i r s t  in t e g r a l  o f  Equation 1 .3 .14  r e p r e s e n t s  the  f i r s t
moment of  the  volume o f  the d i s t r i b u t i o n  and i s  equal t o :
Gy
y ( i _ )  dAc = ( 1 . 3 . 1 6 )
Ix ^
in which ^  i s  the  cu rva tu re  about the  x -a x i s  corresponding to  the  i n i t i a l  
o u te r  f i b e r  y i e ld in g  (P = 0 ) .  I t  i s  equal to :
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■y D(1 + K , )  ( 1 . 3 . 1 7 )
The second and t h i r d  i n t e g r a l s  r e p r e s e n t  the  f i r s t  moment 
o f  the  volume of  the  .Ctr-  ^ 1 ] and [ - ^  ^ d i s t r i b u t i o n s  and can be 
expressed in terms of the  s t r a i n s  a t  the  po in t s  1 to  6 (F igure  1 .4 ) .
For the  most p re v a l e n t  s t r a i n  c o n f ig u ra t io n s  (F igure  1 . 9 ) ,  
Equation 1 .3 .14  takes  the  fo llowing forms:
For the  s t r a i n  c o n f ig u ra t io n  NO. 2 (Figure 1.9)
MX X
f s -  + F] *1 (63 + T) ( I . 3 . 1 8 . a )
, . ' y  "y
For the  s t r a i n  co n f ig u ra t io n  No. 3 (F igure  1.9)
*3
" I *  * (^3 + E6 + 2) + Fg ?! (3  -  2Yi) (Gg + i ) / 3
( 1 . 3 . 1 8 . b)
For the  s t r a i n  co n f ig u ra t io n  No. 8 (F igure  1.9)
Fi {[1 - U % ) ] - ( 6 3  + Gg) + 2 [1 - ( ¥ >  Gs t ] )  +
My 7y
E
+ Fg -CYi (3  -  2y-])  (Gg + 1 ) . -  (“ |^ )  Y3 (3  -  2 y g )  ( 6^ + 6 g ^ ) } / 3
. . . . . . . . .(ï.3.18.c)
where:
KiK,  (1 + Kg) (1 + K , / 2 )
F. =  — -----------  n ( 1 . 3 . 1 9 . a)
T [ | -  Kg + 4  K^K (1 +  K 2 / 2 ) ^ ]
R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .
23
*^ 3 (1 + ^ 2 ) _________ _
' 2^ ■ [ f K j  + 4 K^K^d +  K j / z f ]  ( I . 3 . 1 9 . b )
0^ = the  e x t e n t  o f  y i e l d i n g  in  each p a r t  o f  the
• compression f lange  as i l l u s t r a t e d  in Figure  I . 11,
+ 1
=  --------------------------------------   ( I . 3 .1 9 .C )
^ 3 -  6
Y-] and Y‘3 = the  e x te n t  o f  y i e l d i n g  and s t r a in - h a r d e n in g  in  the  
compression p a r t  of  the  web (F igure  I . l l ) ,
6.  + 1
? !  ¥  7 - --- =- ( 1 . 3 . 1 9 . d )
. ’ 5 5
, 6c + 6 5 + 
b 5
e = the  t o t a l  s t r a i n s  (bending s t r a i n s ,  r e s id u a l  s t r a i n s  
and lo n g i tu d in a l  s t r a i n s )  d iv ided  by the  y i e l d  s t r a i n .
The forms o f  Equation 1 .3 .14  der ived  f o r  a l l  the  s t r a i n  
c o n f ig u ra t io n s  in  Figures  1.9 and I . 10 a re  shown in  Tables 3 and 4.
For a sp e c i f i ed  th ru st ,  P, and r e s id u a l  s t r e s s  d i s t r i b u t i o n ,  
a t r i a l  and e r r o r  procedure  i s  app l ied  (39) to  c a l c u l a t e  the  M-P-^ 
curves u t i l i s i n g  Equations 1 .3 .13 and 1 .3 .14  and the  corresponding Q, R 
and S c o e f f i c i e n t s  as fo l lows :
1. A cu rva tu re  <j) i s  assumed and the  f l e x u r a l  s t r a i n s ,
- Xë =4» y ,  a re  c a l c u l a t e d  a t  the  po in t s  1 to  6 .
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2. A s t r a i n  c o n f ig u ra t io n  i s  assumed and with the  
f l e x u r a l  s t r a i n s ,  ë ,  c a l c u l a t e d  in s t e p  No. 1,
the  c o e f f i c i e n t s  Q, R and S a re  c a l c u l a t e d  f o r  the  
s p e c i f i e d  t h r u s t  P and r e s id u a l  s t r e s s e s  as shown 
in  the  examples of  Equations 1 .3 .8  to  1 .3 .1 0 .  Figures  
1 .12,  1.13 show the  sequences f o r  assuming the  s t r a i n  
c o n f ig u ra t io n  f o r  the  two cases of  cons ide r ing  
r e s id u a l  s t r e s s e s  and n e g lec t in g  them r e s p e c t i v e l y .
3. Q, R and S a re  s u b s t i t u t e d  in  Equation 1 .3 .13  and 
i s  c a l c u l a t e d .
"y
4. The s t r a i n s  a re  c a l c u l a t e d  us ing Equation 1 .3 .1 .
The corresponding s t r a i n  c o n f ig u ra t io n  i s  found 
and compared with the  assumed one.
5. The s t e p s  1 to  4 a re  repea ted  u n t i l  the  c a l c u l a t e d  
c o n f ig u ra t io n  becomes the  same as th e  assumed one.
Then the  moment hf i s  c a l c u l a t e d  us ing the  a p p ro p r i a t e  
form o f  Equation 1 .3 .1 4 .  Since t h i s  moment corresponds  
to  the  assumed c u rv a tu re ,  4»^, and the  t h r u s t , ,  P, i t  
r e p re s e n t s  a p o in t  on the  M-P-4> curve.
6 . Steps 1 to  5 a re  repea ted  f o r  d i f f e r e n t  c u rva tu re s  
w i th in  a d e s i r a b l e  range and th e  corresponding  moments
XM are  found.
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1 .3 .2  Determination o f  the  cro s s - sec t io n a l  mechanical p r o p e r t i e s
?The c o e f f i c i e n t s  By, Cj ,  C^, 7 ^  and /  a r dA , which appear  
in  th e  two governing d i f f e r e n t i a l  equa t ions  (1 .2 .29  and 1 . 2 . 3 0 ) ,  
r e p r e s e n t  the  cross -sec t ion a l  mechanical  p r o p e r t i e s .  For an assumed 
c u rv a tu re  4)^, th e  corresponding moment and s tra in  c o n f ig u ra t io n  a re  
de f ined  in s t e p  No. 1. Thereafter,  the  mechanical  p r o p e r t i e s  o f  the  
s e c t io n  can be c a l c u l a t e d .  These mechanical p r o p e r t i e s  a re  constants  
in  the  e l a s t i c  range and become variables  in the  i n e l a s t i c  range 
because of  p a r t i a l  y i e l d i n g  or s t r a i n - h a r d e n i n g ,  and s in ce  y i e l d i n g  and 
s t r a in - h a r d e n in g  are  fu n c t io n s  o f  th e  bending moment acting on the  
s e c t i o n ,  th e se  p r o p e r t i e s  w i l l  vary along the  beam column.
2In the  c l a s t i c  range, the  c o e f f i c i e n t s  B y ,  C y > Y o  and f a r  dA^,
a re  equal to:
By (minor ax is  bending r i g i d i t y )  = Ely
Cj  (S t .  Venant tors ional r i g i d i t y )  = GKj
= Y G [2bt3 + (d - 2t)w^];  
Yq (d is tance  from centroid t o  sheaf centre)  = 0 ;
2 MP 2
f a r  dA^ ( the  Wagner e f f e c t )  = + A r  dA^
(1 .3 .2 0 )
in which:
I = moment o f  i n e r t i a  of  the  s e c t io n  about the  y - a x i s ,
y
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Ip = moment o f  i n e r t i a  of  the  s e c t io n  about the  p o la r  
axis;
Kj = S t .  Venant t o r s io n a l  c o n s ta n t ;
2
/, Op r  dAg = the  c o n t r ib u t io n  o f  the  r e s id u a l  s t r e s s e s  which are
not in e q u i l ib r ium  with r e s p e c t  to  t o r s i o n . ( a s  i n d i c a te d  
in Sec t ion  1 .2 . 3 ) .  I t ' s  va lue  i s  given by the  fo llowing 
equat ion :
/  dA g = ^  Kg D* O p t +  2 K^K^D^ (D +  -^ 0  (C y^  +  ^ r t )  +
+ Ki^K-D* (* rc  + 2 c l )  . . . . . . . . ( 1 . 3 . 2 1 )
' ^ 3
In the  i n e l a s t i c  range ,  th e se  mechanical p r o p e r t i e s  vary  with 
the  d i f f e r e n t  p a t t e r n s  o f  y i e l d i n g  and s t r a i n - h a r d e n i n g .  The v a r i a t i o n s  
of  th e se  p r o p e r t i e s  a re  d iscussed  as fo l lows :
1 .3 .2 .1  The minor ax is  bending r i g i d i t y ,
This i s  def ined  as th e  r e s i s t a n c e  o f  the  s e c t i o n  to  l a t e r a l  
bending. Up to  the  in s tan t  of l a t e r a l - t o r s i o n a l  buck l ing ,  t h e r e  i s  
no moment a c t i n g  about the  y -  ax is  (minor a x i s ) .  At the  i n i t i a t i o n  of 
buck l ing ,  the  moment about the  y -  ax is  i s  ind e te rm in a te .  The va lue  B^ 
can be c a lc u la t e d  by applying an i n f i n i t e s i m a l  moment, dM^, on the  c r o s s -  
s e c t io n  which has already strained due to  a bending moment and an 
ax ia l  t h r u s t  P. The r e s i s t a n c e  to  t h i s  i n f i n i t e s i m a l  moment determines  
the  minor ax is  bending r i g i d i t y  a t  the  i n i t i a t i o n  o f  buck l ing .  In o th e r  
words. By can be defined as the  i n i t i a l  s lope  o f  the  moment-curvature
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r e l a t i o n s h i p  f o r  the  y -  a x i s ,  when a v i r t u a l  bending moment i s  app l ied  
about t h i s  ax is  (14,  17);  t h a t  i s :
g Lira d t f -----  ( 1 . 3 . 2 2 )
^  °  d ( A  j
dz2
When the  i n f i n i t e s i m a l  moment, dM^, i s  a p p l i e d ,  unloading  
w i l l  take  place  on some p a r t s  of  the  s e c t i o n  which w i l l  change the  
s t r a i n  c o n f ig u ra t io n  by in c re a s in g  or  decreas ing  in  the  y i e ld e d  zones 
and /o r  s t r a in -h a rd e n ed  a re as .  By assuming no unloading o f  the  already  
s t r a i n e d  s e c t i o n ,  the  i n f i n i t e s i m a l  moment, dM^, w i l l  only be r e s i s t e d  
by th e  p a r t s  o f  the  c r o s s - s e c t i o n  which a re  e l a s t i c  or s t r a in - h a r d e n e d .  
This assumption a p p l ie s  the  t angen t  modulus concept which g ives  a lower 
bound to  the  buckling load (14,  17,  35).
The reduced modulus, which i s  ano ther  approach a llowing f o r  
unloading of  the  s t r a i n e d  f i b r e s  t h a t  w i l l  c o n t r ib u t e  to  the  s t i f f e n i n g  
of  the  s e c t i o n ,  provides  an upper bound to  the  buckl ing load (36) .
The ac tua l  ca r ry ing  c ap a c i ty  of the  member l i e s  between th e  t an g en t  
modulus and the  reduced modulus. However, the  t angen t  modulus concept 
proved to  be more r e a l i s t i c  and on the  s a f e  s id e  (14, 17, 36).
On t h i s  b a s i s ,  the  t angen t  modulus concept i s  app l ied  in 
the  p re s en t  an a ly s i s  and the  bending r i g i d i t y ,  B^, i s  the  e l a s t i c  
r i g i d i t i e s  of  the  unyie lded parts of  the  c r o s s - s e c t i o n  p lus  the  r i g i d i t i e s  
of  the  s t r a in -h a rd e n e d  a re a s .  The equat ions  f o r  By f o r  the  most p re v a le n t  
c o n f ig u ra t io n s  in  Figure 1.9 a re :
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1. For the  s t r a i n  c o n f ig u r a t io n  No. 2
By = 1  Ely [1 + (1 -  a , ) 3 ]  ( I . 3 . 2 3 . a)
2. For the  s t r a i n  c o n f ig u ra t io n  No. 3
B = 1  EIu ( I . 3 . 2 3 . b )
y 2
3. For the  s t r a i n  c o n f ig u ra t io n  No. 8
E
By = l E I y  [1 + ( - ^ - ) ]  ( I . 3 . 2 3 . C )
2
Equations f o r  By, de r ived  f o r  each s t r a i n  c o n f ig u ra t io n  
f o r  the  case  when cons ide r ing  r e s id u a l  s t r e s s e s  (F igure  1 . 9 ) ,  are  
i l l u s t r a t e d  in Table 5. S im i la r  e q u a t io n s ,  have been de r ived  f o r  the  
case when n e g lec t in g  r e s id u a l  s t r e s s e s ,  a re  shown in Table 6 .
I . 3 .2 .2  The S t .  Venant t o r s io n a l  r i g i d i t y ,  Cy
The S t .  Venant t o r s io n a l  r i g i d i t y ,  (%., i s  de f ined  as the  
i n i t i a l  s lope  o f  the  r e l a t i o n  between the  to rque  and the  f i r s t  d e r i v a t i v e  
of  the  u n i t  angle  o f  t w i s t ,  g, when an i n f i n i t e s i m a l  to r q u e ,  dM^t, i s  
app l ied  about the  p a x i s ,  which has a l re ady  s t r a i n e d  due to  and 
P (14,  17) ;  t h a t  i s :
in which the  i n f i n i t e s i m a l  t o rq u e ,  dM^^, i s  to  be r e s i s t e d  by S t .  Venant 
to r s io n a l  r i g i d i t y  only .
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Neal (42) showed, t h e o r e t i c a l l y  and e x p e r im e n ta l ly ,  t h a t  
the  t o r s i o n a l  r i g i d i t y  o f  th e  s e c t i o n ,  when p a r t  o f  i t  has y i e l d e d ,  i s  
th e  same as th e  e l a s t i c  t o r s i o n a l  r i g i d i t y .  He j u s t i f i e d  t h i s  on the  
b a s i s  t h a t  a t  the  i n i t i a t i o n  o f  l a t e r a l  t o r s i o n a l  buck l ing ,  t h e r e  a re  
no sh ea r  s t r e s s e s  a c t i n g  on the  p l a s t i c  zones of  the  c r o s s - s e c t i o n ,  
and hence t h e r e  are  no p l a s t i c  components o f  shear s t r a i n .  The r e l a t i o n ­
sh ip  between shea r  s t r e s s  and shea r  s t r a i n ,  in  the  whole c r o s s - s e c t io n ,  
i s  i d e n t i c a l  with t h a t  f o r  e l a s t i c  m a t e r i a l ,  provided the  shear  s t r e s s e s  
remain sm al l .  N ea l ' s  t h e o r e t i c a l  and exper imenta l  works were confined 
to  mild s t e e l  bars  in the  e l a s t i c  and p l a s t i c  r anges ,  but h i s  argument 
a p p l i e s  eq u a l ly  well f o r  the  s t r a i n - h a r d e n i n g  range (58) .  T his  concep t 
has been accepted, by many in v e s t ig a to r s  (3, 5,  17, 25, 36,  40,  42,  51,
58, 59) in their studies of the inelastic lateral instability 
problems.
Therefore,  the  value  of  Cy in  t h i s  i n v e s t i g a t i o n  i s  taken 
c o n s ta n t  and equal to  the  f u l l  e l a s t i c  t o r s io n a l  r i g i d i t y  of  the  s e c t i o n ,  
i r r e s p e c t i v e  o f  the  e x t e n t  of  the  i n e l a s t i c  a c t i o n  o f  the  c r o s s - s e c t i o n ;  
t h a t  i s :
C y=  G
= 1  G [ 2  b t ^  + (d  -  2 t ) w 3 ]  ( 1 . 3 . 2 5 )
3
in which:
G = -----   (1 .3 .2 6 )
2 (1 + v)
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The above argument holds only a t  th e  i n s t a n t  o f  l a t e r a l  t o r ­
s ional  buckling.  By s l i g h t  in c re a s e  in the  load in g ,  the  va lue  o f  G 
w i l l  d e t e r i o r a t e  r a p id ly  to  i t s  s t r a in - h a r d e n in g  v a lu e ,  Gg^, in  the  
i n e l a s t i c  zones of  the  c ross  s e c t io n  (17) .
1 . 3 .2 .3  The Warping to r s io n a l  r i g i d i t y ,  C^.j
The warping t o r s i o n a l  r i g i d i t y ,  Cy, i s  the  r e s i s t a n c e  o f  the  
s e c t io n  to  a warping to rq u e .  In a s i m i l a r  procedure  to  t h a t  d iscussed  
in  the  de te rm ina t ion  o f  the  minor ax is  bending r i g i d i t y ,  By, i t  can be 
shown t h a t  (14,  17):
d ( t ) 
dz^
in which the  warping to rq u e ,  i s  the  p a r t  o f  th e  t w i s t i n g  moment 
about the  p -a x is  r e s i s t e d  by the  warping of  the  s e c t i o n .
Adopting the  t angen t  modulus concep t ,  C,^  can be taken as 
the  warping co n s tan t  o f  the  unyie lded p a r t s  o f  the  c r o s s - s e c t i o n  t imes 
the  modulus o f  e l a s t i c i t y ,  É, p lus  the  warping c o n s ta n t  o f  the  s t r a i n -  
hardened a reas  t imes the  s t r a in - h a r d e n in g  modulus,  Eg^-
The equat ions  f o r  f o r  the  most p re v a l e n t  s t r a i n - c o n f i g u r a t i o n s  
in Figure  1.9 a re :
1. For the  s tra in  c o n f ig u ra t io n  No. 2,  Cy i s  taken as the  
greater value  of  the  fo l lowing two equa t ions :
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ED (2 + Kg)'  I (1 - »^)'
or
S  " &  + I  E f jg E k / k / d «  (1 -  »,)'
( I . 3 . 2 8 . a )
2. For the  s t r a i n  c o n f ig u ra t io n  No. 3.
‘'w = YJ ^ ,  I  EKjSoe (1 .  ( I . 3 . 2 8 . b )
3. For the  s t r a i n  c o n f ig u ra t io n  No. 8 .
Equations f o r  Cy, der ived  f o r  each s t r a i n  c o n f ig u ra t io n  in 
Figures  1.9 and I . 10 a re  shown in Tables 7 and 8 .
1 .3 .2 .4  The shear  c en t r e  d i s t a n c e , y
The shear centre d i s t a n c e ,  Yq, i s  def ined  as the  d i s t a n c e  from 
the  o r ig i n a l  centroid ,  c ,  to  the  shea r  c en t r e  of the  unyie lded a r e a s ,®  . 
The equat ions  f o r  f o r  the  most p re v a l e n t  s t r a i n  c o n f ig u ra t io n s  in 
Figure  1.9 a re :
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1. For the  s t r a i n  c o n f ig u ra t io n  No. 2
= D (2 + Kp) [ 1  - { -----------------------------------------------( I . 3 . 2 9 . a )°  2 2 [T + (T _ , ^ ) 3 ]
2. For the  s t r a i n  c o n f ig u ra t io n  No. 3
3^ = D (1 + K2 / 2 ) ( I . 3 . 2 9 . b )
3. For the  s t r a i n  c o n f ig u ra t io n  No. 8
]T = D (2 + KL) {1  -  ------ } ( 1 . 3 . 2 9 . c)
'  [1 + ( % ) ]
Equations f o r  Y , f o r  each s t r a i n  c o n f ig u ra t io n  o f  Figure 1.9 
0
and I . 10,  were der ived  and a re  given in Tables 9 and 10.
1 . 3 .2 .5  The Wagner e f f e c t ,  /  a r^ dA
.  Q
2
The Wagner e f f e c t ,  f a r  dA^, i s  a t t r i b u t e d  t o  the  normal 
compressive s t r e s s e s  on the  warped c r o s s - s e c t i o n .  The term
1 - {. Y. Z— can be considered  as a r e d u c t io n  f a c t o r  to  S t .  Venant
^T 2t o r s i o n a l  r i g i d i t y .  In the  e l a s t i c  range ,  the  c o e f f i c i e n t  f a r  dA^
i s  determined from Equation 1 .3 .20 .  The d e r i v a t i o n  of mathematical
express ions  f o r  the  Wagner e f f e c t  becomes too  la b o r io u s  f o r  i n e l a s t i c
s e c t i o n s .  T he re fo re ,  i t  i s  c a l c u l a t e d  numerica l ly  by d iv id in g  each
f lange  and web to  twenty equal p a r t s  (F igure  1.14) as fo l low s :
R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .
33
P n=2 0  . 0 Kp 2
/  a r  dA = s a{x + [D (1 + — ) - y ] } dA_ c n 2 0
(upper f l an g e )  
n * 2 0  , _ ,  _ K,  _2_
Z o { x ;  + [D (1 +  - $ )  + Y _ ]  } dA(
n^l  ^ 2  ^ °  (■  ...................   c
(lower f lange )
n=20 2
+ 2: e  [yn - y o ]  dAc
n=l
in  which:
(web)   (1 .3 .3 0 )
x^, y^ = the X and y  coordinates o f  the nth part r e sp e c t iv e ly .
1 .3 .3  Determinat ion of  the  end-moment versus  e n d - r o t a t i o n  r e l a t i o n s h i p
For a beam-column with s p e c i f i e d  l e n g th ,  L, t h r u s t ,  P, and 
end moment, M^, a d e f l e c t i o n  curve can be obta ined  us ing numerical 
i n t e g r a t i o n  and the  m om ent- th rus t -cu rva tu re  r e l a t i o n s h i p  developed in 
s t e p  No. 1. The end moments a re  equa l ;  t h e r e f o r e ,  the  d e f l e c t i o n  curve 
i s  symmetrical with zero s lope  a t  the  middle where the  i n t e g r a t i o n  
s t a r t s  (41,  43,  44) .  From the  column d e f l e c t i o n  curve ,  the  va lues  of  
the  d e f l e c t i o n s ,  moments and c u rva tu re s  a t  evenly spaced d i s c r e t e  po in t s  
along the  leng th  o f  the  beam-column a re  known.
From a group of  column d e f l e c t i o n  cu rv es ,  the  curves o f  end- 
moment versus  e n d - ro t a t i o n  can be obta ined (41,  43) .
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1 .3 .4  Determinat ion of  the  l a t e r a l  t o r s i o n a l  buckl ing s t r e n g th
Each p o in t  on the  Mg-e curve ,  Figure I . l ,  r e p r e s e n t s  a 
s t a b l e ,  u n i a x i a l l y  loaded beam-column d e f l e c t e d  in the  p lane  o f  app l ied  
end-m am nts. The d e f l e c t i o n  curve and bending moments diagram i s  
def ined  in  s t e p  No. 3. With s p e c i f i e d  t h r u s t  and moment, any c r o s s -  
s e c t io n a l  s t r a i n  c o n f ig u ra t io n  can be obta ined  from s tep  No. 1 and 
the  mechanical  p r o p e r t i e s  c a l c u l a t e d  in s tep  No. 2.
The l a t e r a l  tors ional buckling ( b i f u r c a t i o n  p o i n t ,  C,
Figure I . l )  i s  examined using Equation 1 .2 .29  and Equation 1.2 .30  where 
the  c o e f f i c i e n t s  (beam-column's sec t io n a l -p r o p e r t ie s )  a re  v a r i a b l e  with 
r e s p e c t  to  z.  T he re fo re ,  a d i r e c t  s o lu t io n  i s  r a t h e r  d i f f i c u l t  and a 
f i n i t e  d i f f e r e n c e  approximation i s  applied. This leads  to  a s e t  of 
s imul taneous a lg e b r a i c  equat ions  in the  l a t e r a l  displacement u and the  
r o t a t i o n s  g (14) a t  a number o f  d i s c r e t e  po in t s  n spaced a t  h = ~  , in 
which n i s  an odd number to  which the  beam i s  div ided  (F igure  1.15):
2 2 
"  - (2 -  1 ^ )  •-'i f  " i + l  + [M„ + P (’'i + y „ ) ]  ^  6i = 0
..................( 1 .3.31 )
Cy Cy
- —  Bi-2 + [2 + (1 - ^ h ' ]  Si-1
Cj Cj
+ [0] -  [2 ^  + (1 - '  dA) i,2] ^  Gi+g = 0
....................( 1 . 3 . 3 2 )
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In the p re s en t  i n v e s t i g a t i o n ,  n i s  taken equal to  twenty o n e ,  A 
d i s c u s s io n  on the  percen tage  of e r r o r  r e s u l t i n g  from chcx^sijng t h i s  va lue  
of  n w i l l  be given l a t e r .
A boundary cond i t ions  o f  Equations 1.3.31 and 1 .3 .3 2 ,  are  
app l ied  as fo l lows:
= Go = Bn = 0
g-1 = -g-j and gp+"] = -g^ - l  (1 .3 .3 3 )
At the  c r i t i c a l  l i m i t ,  i . e .  a t  th e  l a t e r a l  tors ional buckling 
lo a d ,  the  determinan t  q f  the  c o e f f i c i e n t s  o f  the  f i n i t e  d i f f e r e n c e  
equat ions  i s  equal to  z e r o ,  and Equations 1.3.31 and 1 .3 .32  can be
arranged  in a m atr ix  form as fo l lows:
(C -  XI )  X = 0  ( 1 . 3 . 3 4 )
where;
C = a (20 X 20) r e a l  non-symmetric matrix
A = e igenvalues  = 1 -  in which i s  the  
c r i t i c a l  end moments
I = i d e n t i t y  matr ix
X = e igenvec to rs
The p o in t  of  onse t  o f  l a t e r a l - t o r s i o n a l  buckling and the  
r i g i d i t y  c o e f f i c i e n t s  ( B y ,  Cj, Cy, and /  a r^ dA^) a re  interdependent.  
The re fo re ,  a t r i a l  and e r r o r  approach i s  a p p l ied  to  so lve  the  problem.
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A c r i t i c a l  end moment, i s  assumed us ing an approximate
method f o r  a beam-column with s p e c i f i e d  leng th  and ax ia l  lo ad ,  P.
The d e f l e c t i o n  and the  moment a t  the  evenly  spaced d i s c r e t e  p o in t s  along 
the  e n t i r e  length  o f  the  beam-column can be c a l c u l a t e d  using the  column 
d e f l e c t i o n  curves ( s t e p  No. 3) .  The corresponding mechanical  p ro ­
p e r t i e s  a re  c a l c u l a t e d  from s tep  No. 2 f o r  the  s e c t io n  a t  each o f  the  
d i s c r e t e  points .  The m atr ix  C can then be c a l c u l a t e d  and a l s o  the  
corresponding minimum c r i t i c a l  end moment, from the  e igenva lues  of
m a tr ix  C. i s  then compared with the  assumed I f  the  r a t i o
M ' i s  d i f f e r e n t  from u n i t y ,  the  procedure i s  repea ted  us ing increased  
^ oi .j
or  decreased value o f  MqI u n t i l  M oi assumed becomes c lo se  enough to  the  
c a l c u l a t e d  .
To ob ta in  the  e igenva lues  o f  m a t r ix  C ( non-symmetric) a method 
sugges ted  by Wilkinson (60) i s  used: In t h i s  method, the  m a tr ix  C i s
reduced i n to  an e q u iv a l en t  m a t r ix  D of  r e a l  almost upper t r i a n g u l a r  
form. The e igenva lues  o f  the  l a t t e r  matrix D can then be computed which 
are  the  same as those  o f  matrix C.
All the  t h e o r e t i c a l  work o f  the  fo u r  s tep s  have been programmed 
in f o r t r a n  IV on the  360/50 IBM computer a t  the  U n iv e r s i ty  of  Windsor.
A flow c h a r t  fo r  t h i s  program i s  given in Figure 1.16.
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CHAPTER 4 
OBSERVATIONS
1.4.1 Summary and d i scu ss io n  of  the  r e s u l t s
An example of  an 8  WF 31 i s  exp lored .  This s e c t io n  i s  
chosen because i t  h a s ,  a l s o ,  been in v e s t i g a t e d  in  s i m i l a r  works (14,  36,  41) 
which w i l l  be used f o r  comparison. The fo llowing r e s u l t s  a re  ob ta ined :
1. The moment-thrust  cu rva tu re  r e l a t i o n s h i p  executed by
p
s tep  No. 1 i s  shown in Figure 1.17 f o r  p y  = 0 .2  to  0 .8 .  The domains of  
the  d i f f e r e n t  s t r a i n  c o n f ig u ra t io n s  a re  shown in  t h i s  f i g u r e .  They 
in d i c a t e  t h a t  f o r  = 0 .4  to  0 .8 ,  the  p re v a le n t  c o n f ig u ra t io n s  are
y
numbers 1 , 2  and 3 f o r  the  e l a s t i c  and p l a s t i c  ranges followed by con­
f i g u r a t i o n  8  f o r  the  s t r a in - h a r d e n in g  range.  With low r a t i o  of 
P ( . ^  = 0 .2 )  the  c o n f ig u ra t io n s  a re  numbers 1,  2,  3,  5 and 13. These
y Py
r e s u l t s  help  in  ob ta in ing  the  M.P.<j> curves by assuming the  most probable  
s t r a i n  c o n f ig u ra t io n .
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2. The r e l a t i o n s  between the  moment ap p l ied  on the  s e c t io n
i
and each of  th e  c r o s s - s e c t i o n a l  mechanical  p r o p e r t i e s ,  B y ,  C^ ,, and 
o P
f a r  dAg f o r  p -  = 0 .2  to  0 .8  a re  given in Figures  1.18 to  1.21,  These 
cu r ve s  i l l u s t r a t e  the  v a r i a t i o n  o f  th e se  mechanical p r o p e r t i e s  in  the  
i n e l a s t i c  range s ince  they a re  c o n s tan ts  in  the  e l a s t i c  range .
3. The e f f e c t  o f  r e s id u a l  s t r e s s e s ,  p re -buck l ing  d i s p l a c e ­
ments and s t r a i n - h a r d e n i n g  can be seen in Figures  1 .22 ,  1 .2 3  and 1 .24 ,
p
f o r  p— = 0 . 2 ,  0 . 4  and 0 .6 .  The curves in  each f i g u r e  r e l a t e  the  
(Hocr) t o  the  s l e n d e r n e s s  r a t i o  ( ^ ) .  Curve 1 i s  fo r  f a i l u r e  due to
MXy rx
excess ive  bending and c ons ide r ing  r e s id u a l  s t r e s s e s .  Curves 2, 3 and 4 
i l l u s t r a t e  f a i l u r e  due to  l a t e r a l - t o r s i o n a l  buckl ing with curve 2 
f o r  n e g lec t in g  r e s id u a l  s t r e s s e s  and cons ide r ing  p r e - b u c k l i n g  d i s p la c e m e n ts  
curve 3 f o r  c o n s i d e r i n g  r e s i d u a l  s t r e s s e s  and n e g l e c t i n g  p r e - b u c k l i n g  
d isp lacem en ts ,  and curve 4 f o r  both c o n s i d e r i n g  r e s id u a l  s t r e s s e s  and p re -  
buckling  d i s p la c e m e n t s .
Each o f  these  curves  c o v e rs  the  e l a s t i c ,  p l a s t i c  and 
s t r a i n - h a r d e n i n g  ranges .  The e f f e c t  of th e  r e s id u a l  s t r e s s e s ,  pr e -  
b u c k l in g  d i s p l a c e m e n t s ,  and s t r a in - h a r d e n in g  can be d iscussed  f u r t h e r  
as fo l lows :
a - E f fe c t  o f  p r e - b u c k l i n g  d i s p la c e m e n ts
The p re -buck l ing  d i s p l a c e m e n t s ,  v j , appear in the  governing 
d i f f e r e n t i a l  equat ions  1 .2 ,29  and 1 .2 .30  added to  Tq and m u l t i p l i e d  
by P, P(%L+ % ) .  This term i s  p r o p o r t io n a l  to  the  l o a d i n g ;  t h e r e f o r e ,  
c a l c u l a t i n g  th e  p r e - b u c k l i n g  d i s p la c e m e n ts  has r e l a t i v e l y  small e f f e c t
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f o r  small  r a t i o s  o f  ^  (F igures  1 . 2 2 ,  1.23 and 1 .2 4 ) .  I t s  e f f e c t
P Pd isap p ea rs  completely  when ^  = o. For a c o n s ta n t  r a t i o  o f  ^  , the
Fy Py
disp lacements  ^  a re  much g r e a t e r  than % in the  e l a s t i c  range while  v i  
a re  too  small when compared to  y g i n  the  i n e l a s t i c  range .  T h e re fo re ,  
the  buckling load c a l c u l a t e d  with  the  p r e - b u c k l i n g  disp lacements  V i  has 
maximum red u c t io n  in the  e l a s t i c  range.  This  can be i l l u s t r a t e d  by 
comparing curve 4 with curve 3 o f  Figures  1 .22 ,  1.23 and 1 . 2 4 .
b -  E f fe c t  o f  re s id u a l  s t r e s s e s
Figures  1.22 ,  1.23 and 1 .24  show t h a t  r e s id u a l  s t r e s s e s
have n e g l i g i b l e  e f f e c t  on the  l a t e r a l - t o r s i o n a l  buckling in the  e l a s t i c
range.  However, they reduce the  maximum moment t h a t  can be reached
befo re  the  s t a r t  o f  the  i n e l a s t i c  range (compare p o in t  with  p o i n t  
^3 in  Figure  1 .23) .  Within the  i n e l a s t i c  range ,  the  r e s id u a l  s t r e s s e s  
have co ns ide rab le  e f f e c t  on the  l a t e r a l  t o r s i o n a l  buckling because they
extend the  y i e l d i n g  zone in the  c r o s s - s e c t i o n  lead ing  to  r e d u c t i o n  in
the  bending and warping r i g i d i t i e s .
c - E f f e c t  of  s t r a i n  hardening
E t
The p re s e n t  a n a ly s i s  i s  f o r  mild s t e e l  A36, with  = 12 and 
E ^
= 0 . 0 2 2 , the  maximum s t r a i n  in  the  s t r a i n - h a r d e n i n g  range i s  l im i t e d
E
to  twelve t imes the  y i e l d  s t r a i n ,  ^y. This i s  taken a r b i t r a r i l y  but the
computer program i s  developed as a general  one which can c o n s i d e r  any
magnitude o f  s t r a i n  in the  s e c t i o n .  I t  can be seen from Figures  1 .22 ,
1.23 and 1.24 t h a t  the  s t r a in - h a r d e n in g  has an e f f e c t  only in s h o r t
columns where - —  < 8 . Such s h o r t  columns a re  of  l i t t l e  p r a c t i c a l  i n t e r e s t ,  
'"x
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However, f o r  high t e n s i l e  s t e e l  o r  aluminum a l l o y  with s t r e s s - s t r a i n
. e
r e l a t i o n s h i p  d i f f e r e n t  from t h a t  o f  mild s t e e l ;  i . e . ,  < 12  and/or
E y
> 0 .022 ,  the  e f f e c t  of s t r a in - h a r d e n in g  w i l l  be c o n s id e ra b le  and
E
e x te n d s  to  s len d e r  columns.
Eg.
To i n v e s t i g a t e  the  e f f e c t  o f  the  r a t i o  on the  l a t e r a l
E
t o r s i o n a l  buckl ing s t r e n g t h ,  an aluminum a l lo y  s e c t io n  (Alcan 28021 (53))
i s  examined, c o n s i d e r i n g  - â i  = 0 . 1  and 0 . 0  with  f i t -  a re  taken from
E Gy
Figure 1.25 a f t e r  i d e a l i z i n g  the  s t r e s s - s t r a i n  curve o f  the  m a te r ia l  
used i n to  two s t r a i g h t  l i n e s  o f  d i f f e r e n t  s lo p es .  Normally t h i s  s e c t i o n ,  
as most o f  the  aluminum a l lo y  s e c t i o n s ,  i s  f r e e  from r e s id u a l  s t r e s s e s .  
The p r o p e r t i e s  o f  the  m a te r ia l  and the  dimensions of  the  c r o s s - s e c t i o n  
are  in d i c a t e d  in Figure 1.25 and 1.25 (53) .
A comparison of  the  two curves in  Figure 1.26 shows t h a t  the
E _
r a t i o ,  has a r e l a t i v e l y  ap p re c ia b le  e f f e c t  on the  l a t e r a l  t o r s i o n a l  
buck l ing  s t r e n g t h  in the  s t r a in - h a r d e n in g  range .
1 .4 .2  Comparison with  previous  t h e o r e t i c a l  and exper im en ta l  work
A - The t h e o r e t i c a l l y  o b ta in ed  r e s u l t s  by Miranda ( 4 1 ) ,
P
Fukumoto (17) and Lim (36) f o r  an 8  WF 31 and -g—  -  0 .4  a re  in good
y
agreement with the  r e s u l t s  of  the  p r e s e n t  i n v e s t i g a t i o n  when the  same 
assumptions a re  taken i n to  c o n s id e ra t io n  (F igure  1 .27) .
B -  The e x p e r i m e n t a l l y  obta ined  r e s u l t s  of r e f e r e n c e  (17)
p
f o r  p— = 0.12 and Oy = 40 Ksi a re  a d j u s te d  fo r  ^ =36 Ksi us ing the u  . I c- i  l u U "TV ISO i '  I c u u  j  o u c u i v  1 0 ^
f o l l o w i n g  formula (17)
R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .
41
( k r )rx '3 6
y
X Gy 36
in  which:
on 0 v -
° y  “ the  y i e l d  s t r e s s  o f  the  t e s t e d  specimen.
These r e s u l t s  agree  with the  r e s u l t s  o f  the  p r e s e n t  work based
36 Ksi,  and M l  = 0 .0 2 2  (F igure  1.28)
E
C - Comparison between the  p re s e n t  i n v e s t i g a t i o n  and the  
t e s t  r e s u l t s  repo r ted  in Reference (17) a re  shown in  the  fo l lowing  t a b l e ;
Specimen 
No. •
Section 
Si ze
P
Py
Yield
s t r e s s  
o f  the  
Specimen 
Ksi
L
rx
(ad ju s ted )
■ Mocr '
« X ,  ■
(observed)
^ o c r
( c a l c u l a t e d )
%
( d i f f .)
1 4WF13 0 . 1 2 :40 54 0 .8 0 9 0 .8 2 2 2
2 12WF27 0 .2 1 8 3 8 .5 1 2 6 . 5 ^ 0.76 0 . 7 6 0
3 12WF27 0 .1 6 2 3 6 .5 31.4 0 .7 0 8 ; 0 .6 3 11
4 12WF27 0 .0 6 6 3 7 . 9 : 5 2 . 5 0 .4 5 5 ; 0 .4 5 5 0
5 12WF27 0 .0 2 7 5 3 8 .5 ! 8 0 . 0  % 0 .2 8 8 i 0 .2 7 3 6
5 18WF50 0 .2 6 5 3 9 .2 : 1 8 .7 5 0 . 6 6 0 .6 9 7 5
7 18WF50 0 .2 5 5 3 9 .2 : %L3 0 .7 9 5 0 .7 2 9
8 18WF50 0 .0 4 8 3 9 . 8 5 6 .2 0 .3 5 3 0.33 6
The d e v ia t io n  between the  t h e o r e t i c a l  and experimental- 
r e s u l t s  may be a t t r i b u t e d  to  the  following f a c t o r s :
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1. The d i s t r i b u t i o n  and magnitude of r e s id u a l  s t r e s s e s  
might have been su b jec ted  to  a c o n s i d e r a b l e  v a r i a t i o n  from the  assumed 
values  (17)
2.  The d i f f i c u l t y  in  t e s t i n g  a beam-column with the  
id e a l i z e d  boundary c ond i t ions  assumed a t  the  two ends.
3. The v a r i a t i o n  of  the  y i e ld e d  s t r e s s  between the  f langes  
and the  web.
4 .  The v a r i a t i o n  of  the  c r o s s - s e c t i o n a l  p r o p e r t i e s  along
the  member and the  i n i t i a l  im perfec t ion  o f  the  beam columns a s ,  p r a c t i c a l l y ,  
members are  not p e r f e c t l y  s t r a i g h t .
Yet,  i t  can be concluded from the  above t a b l e  and F i g u r e . I . 28. 
t h a t  the  t h e o r e t i c a l  r e s u l t s  show good agreement with the  experimenta l  
ones.
1 . 4 . 3  The number of  d i s c r e t e  p o in t s  to  be considered  in the  f i n i t e  
d i f f e r e n c e  approximations
The number o f  d i s c r e t e  p o i n t s ,  n ,  to  be considered  in the  
f i n i t e  d i f f e r e n c e  approximations must be chosen such t h a t  the  e r r o r  in 
the  c a l c u l a t e d  buckling load remains w i t h i n  a p e rm is s ib le  l i m i t .
Furthermore,  the  execution time i s  a f a c t o r  which must be taken in to  
account.  A small i n c rease  in n would s u b s t a n t i a l l y  i n c r e a s e  the  computer 
t ime needed to  so lve a g iven  problem. A s tudy was made to  determine the  
in f lu en ce  of n on the  accuracy  of  the  c a l c u l a t i o n  of  the  l a t e r a l  t o r s io n a l
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buckling l o a d .
p
A beam-column, o f  an 8 WF 31 c r o s s - s e c t i o n  with = 0.40 .
and ^  = 20, 40,  60 and 81, i s  i n v e s t i g a t e d .  The r e l a t i o n s h i p  between 
Mocrj-ÿ—  and the  number o f  d i s c r e t e  p o i n t s ,  n,  i s  shown in  Figures  1.29
^ L
'"x
and 1.30 f o r  n = 7 ,  S*-21 , 3 1 .  For = 81,  the  beam-column i s  e l a s t i c ,
’^
and the  problem has an exac t  s o l u t i o n  i f  the  prebuck l ing  d i s p la c e m e n t s  a re  
n e g lec te d .  This s o l u t i o n  i s  a l so  shown in Figure  1.30.
The sources  o f  e r r o r  in applying the  f i n i t e  d i f f e r e n c e  
approximations  a re :
1. The t r u n c a t i o n  e r r o r ,  r e s u l t i n g  from choosing the  value 
o f  n. The g r e a t e r  the  value of  n the  sm a l le r  the  t r u n c a t i o n  e r r o r .
2. The round o f f  e r r o r ,  occur ing from the  f a c t  t h a t  computers
have no i n f i n i t e  a r i t h m e t i c  p r e c i s i o n .
The e f f e c t  o f  the  l a s t  type  of  e r r o r  on the  l a t e r a l - t o r s i o n a l  
buckling lo a d s ,  was checked by running the  computer program with d i f f e r e n t  
values  o f  ~  , and n ranging from 7  to  3 l i . Such runs were f i r s t  made with
s i n g l e  p r e c i s i o n  and secondly  with double p r e c i s i o n .  The r e s u l t s  ob ta ined
were the  same up to  t h r e e  decimal p o i n t s .  This i n d i c a t e s  t h a t  the  e f f e c t  
of the  round o f f  e r r o r  f o r  va lues  o f  n up to  31 i s  i n s i g n i f i c a n t  and can 
be ignored.
The e f f e c t  of the  t r u n c a t io n  e r r o r  i s  i l l u s t r a t e d  in Figures  1.29 and 
1.30.  From th e se  f i g u r e s ,  i t  can be seen  t h a t  the  c a l c u l a t e d  c r i t i c a l  
end moments tend to  in c re a s e  very slowly when n = 2 l , Fur thermore,  t h i s
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value  of  n g ives  a c a l c u l a t e d  c r i t i c a l  end moment c lo se  to  the  exac t  one 
(F igure  1 .30 ) .  Hence, in  the  p re s e n t  a n a l y s i s ,  n i s  taken equal to  
twenty one in  a l l  the  c a l c u l a t i o n s .  This va lue  may not be the  optimum, 
y e t  i t  g ives  buckling loads  w i th in  a t o l e r a b l e  e r r o r ,  and needs a 
r e l a t i v e l y  s h o r t e r  computer t ime. The same va lue  of  n has a l s o  been 
used in a previous  s i m i l a r  work (36) .
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THE LATERAL BUCKLING OF BEAMS
1 .5 .1  Introduction and lite r a tu r e  review
A perfectly straight wide-flange beam, sirrply supported 
at its ends and subjected to equal end moments about its major axis, 
is a sp e c ia l case of the uniaxially loaded beam-column when the axial 
load is equal to zero. Being simpler in nature, as the moments and 
the mechanical properties of the section are constant along the length 
of the beam, thi.s case can be solved directly w ithout resorting to 
finite difference techniques.
Tlius, the treatment of this problem is prescribed separ­
ately herein. Under pure end moments, the member generally does not 
fail by bending in the plane of the applied moments if it is not 
adequately braced against lateral displacements. This occurs par­
ticularly if the beam is narrow, compared to its length. In this case 
the beam will deflect in the plane of the applied moments as long as 
these moments are below a certain critical value. However, when the 
critical moment is reached, bifurcation of the equilibrium takes place 
and the beam will deflect laterally out of the plane of bending with 
simultaneous rotation before the ultimate carrying capacity of the section 
is attained. This phencmenon is known as lateral buckling.
45
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The problem of  l a t e r a l  buckling has been thoroughly  
s tu d ied  in the  e l a s t i c  range by many in v e s t ig a to r s .  Lee (35) summarized 
the  work done on t h i s  problem u n t i l  1960.
In t h e  i n e l a s t i c  r a n g e ,  Nea l  ( 4 2 )  e x a m i n e d  t h i s  p r o b l e m  
f o r  r e c t a n g u l a r ,  mild s t e e l  s e c t i o n s ,  while Horne (25) extended the  
same concept to  inc lude  wide flange s e c t i o n s .  In t h e i r  a n a l y s i s ,  they 
neglected r e s id u a l  s t r e s s e s  and s t r a in - h a r d e n in g .
So lu t ions  f o r  the  la te r a l  buckling o f  beams in  the  s t r a in -  
hardening range were developed f o r  rectangular and w ide- f lange  c ro s s -  
s e c t io n s  by W i t t r i c k  (58) and White (59) r e sp e c t iv e ly .  In both 
a n a ly se s ,  the  beams were assumed to  be made o f  a metal having a mono- 
t o n i c a l l y  increasing s t r e s s - s t r a i n  curve as in  the  case  o f  aluminum 
a l lo y s .  Galambos (18) examined t h i s  problem for  mild s t e e l  beams using 
the  assumption sugges ted by White (59) ,  i . e .  he considered the  
material to  be e i t h e r  e l a s t o - p l a s t i c  or strain-hardened and p a r t i a l l y  
neglected the  d u c t i l e  range. He (18) a l so  did not consider the  red u c t io n  
in the  S t .  Venant t o r s io n a l  r i g i d i t y  due to  Wagner's e f f e c t  (57).
The problem o f  l a t e r a l  buckling of  r o l l e d  wide f lange  beams, 
sub jec ted  to  equal end moments, i s  re-examined here  f o r  th e  e l a s t i c  and 
i n e l a s t i c  ranges. The present approach cons ide rs  the  e f f e c t  o f  the  
s t r a i n - h a r d e n i n g ,  w i thou t  n eg lec t in g  any p a r t  of  the  d u c t i l e  range ,  and 
takes  in to  account the  r educ t ion  in the  S t .  Venant t o r s i o n a l  r i g i d i t y  
due to  Wagner's e f f e c t .
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1 .5 .2  Governing d i f f e r e n t i a l  equat ions  and boundary c ond i t ions
The d i f f e r e n t i a l  e q u a t i o n s ,  governing the  l a t e r a l  buckling 
of  beams, can be e s t a b l i s h e d  by s e t t i n g  P = o in Equations 1 .2 .29  
and 1 .2 .30 .  Thus,
By u" + Mo B = 0 (1 -5 .1 )
C., B"' - (C_ - ;  o r^ dA ) B' + M_u' = o ( 1 .5 .2 )w y c u
The beam i s  simply supported with r e s p e c t  to  the  l a t e r a l  
buckling having the  fo l lowing boundary condit ions  (9 ,  54):
u = u" = B = 6" = 0 a t  z = 0 and z = L (1 .5 .3 )
1 . 5 .3  Method of  s o lu t io n
By s a t i s f y i n g  the  governing d i f f e r e n t i a l  equat ions  
(Equations 1 .5 .1 ,  1 .5 ,2 )  and the  boundary cond i t ions  (Equation 1 . 5 . 3 ) ,  
a q u a t r i c  equat ion  i s  obtained ( 9 ,1 8 ,4 8 ) .  This equat ion  governs the  
r e l a t i o n  between the  c r i t i c a l  end moments a t  the  o nse t  o f  la tera l  
b u ck l ing ,  , and the  dimensions and sec t iona l  properties  of  the  beam. 
I t  can be written in a non-dimensional form as fo l lows :
, V r /  ,L f  -  , 2  =y  ( 5  -  -
= 0 (1,5 .4)
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in which :
in which
^  = the  slenderness  r a t i o  about the  minor ax is
X
M = the p l a s t i c  moment of  res is tan ce  of the  s e c t io n .
Solving equation 1 .6 .4  leads  t o :
F + + 2 HG ( L 5 . . 5 )
■ÏÏ B y  ( C  _  y  o  p 2  d A  )
F = -  ' ^X ? 9
( Hp )
4
It B C 
G = -  "
H = 2 ( 1 . 5 . 6 )
Mp
Equation 1 .6 .5  r e p re s e n t s  a d i r e c t  r e l a t i o n  between the  s lende rness  
L
r a t i o  r ÿ  and the  moment a t  the  onse t  of l a tera l  buckl ing .  This
r e l a t i o n  i s  governed by the  c ross  sec t iona l  mechanical p r o p e r t i e s  and i s  
ca lcu lated  using the  following t h r e e  s t e p s :
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(1) Determinat ion o f  the  rnoment-curvature r e l a t i o n s h i p  
(M-* c u rv e ) ;  th is  i s  ob ta ined  by a t r i a l  and e r r o r  procedure  as in the  
case  of  u n i a x i a l l y  loaded beam-columns (Section 1 .3 .1 )  in  which the  
ax ia l  t h r u s t  P i s  equal to  zero  and by cons ider ing  e i g h t  p o s s ib le  
s tra in  configurat ions .  Figure 1.31 shows the  sequence used f o r  checking 
the  s t r a i n - c o n f i g u r a t i o n s .
(2)  Determinat ion o f  the  mechanical p r o p e r t i e s  o f  the
2
s e c t io n ,  By, Cj, C ,^ and f o r  dA .^ By, C ,^ Y^  are obtained
using the  ta b le s ,  developed e a r l i e r ,  with P = o wereas C a n d / /  a r^ dA a reI c
calcu lated  as befo re .
(3) Determination of  the la tera l  buckl ing .  For a s p e c i f i e d  
value of  M the  s e c t i o n a l  p r o p e r t i e s  are c a l c u l a t e d  from s t e p  2 and 
subst i tu ted  in Equation 1 .5 .5 .  By so lv ing  Equation 1 .6 .5  the c o r r e s ­
ponding slenderness r a t i o  M  i s  then c a l c u l a t e d .
y
A computer program covering a l l  the  th eore t ica l  asp ec t s  of 
the  problem has been developed f o r  the  IBM 360/50 a t  the  U n iv e rs i ty  of 
Windsor. A flow chart of  t h i s  program i s  shown in Figure  1.32.
1 .5 .4  Observations
Four beams o f  mild s t e e l  A3.6 o f  s i z e s  8WF 31,10 WF 89 ,14  WF 142, 
14 WF 287 were examined. These beams are popular s i z e s  and represent  
th in -w a l led ,  moderately th in-walled and th ic k -w a l l e d  s e c t i o n s .  The
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fo l lowing  r e s u l t s  a re  observed;
1. The r e l a t i o n s h i p s  between -v— a n d — x ~  c a l c u l a t e d
My &
by s t e p  1 a re  found to  be almost i d e n t i c a l  f o r  the  fou r  s e c t io n s
(Figure  1 .33) .  Figures  1.34 to  1.37 show the  r e l a t i o n  between the
moment ap p l ied  on the  s e c t io n  about i t s  major ax is  and each o f  the  c r o s s -
2
s e c t io n a l  mechanical  p ropert ie s ,  B , C^, a n d /  o r  dA^, represented  
in a non-dimensional form. These curves show t h a t  these re la t ionsh ips
are  no t  d i r e c t  fu n c t io n s  o f  the  s e c t io n ' s  s i z e  but depend primarily  
on the  dimensions of i t s  components.
2. The f i n a l  r e s u l t s  ob ta ined  here r e l a t i n g  the r a t i o
M
to  the s lende rness  r a t i o  k _  (F igures  1.38 to  1.42) agree with
t r*x r,
those  already publ ished  in the e l a s t i c  and p l a s t i c  ranges (18) when 
the  same assumptions are considered, ( i . e .  o = 33 Ksi and neglect ing  
Wagner's e f f e c t ) .  However, the  strain-hardening e f f e c t  i s  found to  be 
s h i f t e d  to  shorter beams with lengths  ranging between 5r^ and lOr^ r a t h e r  
than about 20r as p rev io u s ly  r e p o r te d  (18) .  This d e v i a t i o n  i s  
a t t r i b u t a b l e  to  the  consideration of the  d u c t i l i t y  o f  the  material  which 
leads  to  considerable  reduction in the  r i g i d i t i e s .  T h e re fo re ,  the  beam 
buckles  l a t e r a l l y  befo re  reaching strain-hardening,  i . e .  before reg a in in g  
some of  i t s  r i g i d i t i e s .
When n e g lec t in g  the  d u c t i l e  range, the  c u t o f f  p o in t  f o r  the  
s t a r t  o f  strain-hardening e f f e c t  takes  place with ^—  ranging between
y
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20 and 40 (F igures  1.39 to  1 .42 ) .  The assumption t h a t  the  s e c t io n  under 
study i s  p a r t i a l l y  e l a s t i c  and p a r t ia l ly  s t r a in -h a rd e n e d  rather than 
f u l l y  strain-hardened accounts  f o r  the  dif ferences  between t h e se  r e s u l t s  
and those  p rev ious ly  publi shed  (18).  Other fac tors  causing the  
d ivergence  in the  r e s u l t s  are  the  considerat ion of  Wagner's e f f e c t  and 
the allowance f o r  f u l l  c o n s ta n t  t o r s io n a l  r i g i d i t y  Gy.
3. Residual s t r e s s e s  have a n e g l i g i b l e  e f f e c t  on the  
l a t e r a l  buckling s t r e n g th  in the  e l a s t i c  range .  However, they do reduce 
the  maximum moment a t t a i n a b l e  before  the  s t a r t  o f  the  i n e l a s t i c  range 
(compare po in t s  a. and a2 , i n ' f i g u r e  1 .40 ) .  This conclus ion  agrees  with 
t h a t  p rev ious ly  rep o r ted  (18).
4. Figure 1.43 shows the  r e l a t i o n s h i p  between - 2 c r  and th e
parameter Dj def ined  as fo llows (17, 18):
KT X 1 0 6Oy =
AgdZ
I t  can be seen from t h i s  f igure  t h a t  s e c t io n s  with high Dj va lue  have more .
r e s i s t a n c e  to  l a t e r a l  buckling and the  ra t io  — i s  almost l i n e a r l y  pro-
M M%p
p o r t io n a l  to  D- when ——-  < 0.95.
Mp
5. Some s t r u c t u r a l  m ater ia ls ,  such as aluminum, have no p l a s t i c
Est
flow range ( d u c t i l e  range),  a high r a t io  of  and a low r a t i o  of
( M l  = 0.1 and = 1 . 0  compared to  - = 0.022 a n d = 12 in 
Gy E Sy E ty
s t e e l  A 36 ( 1 ) ) .  To in v es t ig a te  the la tera l  buckl ing s t r e n g th  f o r  beams 
made from such materia l ,  an aluminum a l lo y  s e c t io n  (Alcan 28021),
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which was analysed before  f o r  the  case of  the  uni a x ia l ly  loaded beam- 
columns i s  examined here  also .  The f i n a l  re s u l t s  r e la t in g  the  c r i t i c a l  
end moment with the  slenderness  r a t i o ,  ^  , (F igure  1 .4 4 ) ,  in d icate  t h a t
^ I
the  s t r a in - h a r d e n in g  i s  e f f e c t i v e  in s lender  beams with - 35.
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CONCLUSIONS
The preceding chap te rs  examine the  problem of  l a t e r a l - 
t o r s io n a l  buckling of  uni a x ia l ly  loaded beam-columns. The main po in ts  
o f  conclusion are:
1. The l a t e r a l  tors ional buckl ing reduces the  
strength o f  beam-columns cons ide rab ly  in  the  
i n e l a s t i c  range.
2. Residual s t r e s s e s  have n e g l ig ib le  e f f e c t  on
the  l a t e r a l  t o r s i o n a l  buckling load in the  e l a s t i c  
range ,  bu t  they reduce the  buckl ing load 
con s id e rab ly  in  the  i n e l a s t i c  range.
3. The e f f e c t  of p re -buck! ing  disp lacements  i s  
no t always i n s i g n i f i c a n t  and i t s  e f f e c t  i s  
greater in the  e l a s t i c  range than in  the  
i n e l a s t i c  range and being neg lec ted  may lead 
to  cons id e rab le  e r r o r s  on the  unsafe  s id e .
53
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4. The strain-hardening of mild steel has appreciable 
effect only for short columns (where —— 8).
5. For the case of beams under pure end moments (p=0), it 
can be seen that:
(a) The strain-hardening effect is operative in mild steel
L
beams with tr- ranging betvæen 5 and 10. This finding
y L .
differs from the reported p- = 20 in an earlier
study (18).
L . ^bcr
(b) For constant value of :p- and with —  0.95, the
y  M p
M^cr
ratio — —  is almost linearly proportional to the 
non-dimensional parameter Cu.
6. The present calculations yield a lower bound value of the 
critical end moments. These values are based on the 
assumption that no unloading of the already strained section 
occurs at the initiation of lateral torsional buckling;
i.e. the tangent modulus concept is applied . Further­
more, the post-buckling effect is neglected, in order to 
obtain safer values for the ultimate moments.
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PART I I
INELASTIC BEAM-COLUMNS UNDER 
BIAXIAL LOADING
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CHAPTER T
INTRODUCTION
\
The columns in  a th ree -d im ens ional  framework, a re  f r e q u e n t ly  
su b jec ted  to  bending moments a c t in g  about i t s  two p r i n c i p l e  axes in 
a d d i t io n  to  the  ax ia l  lo ad ,  i . e .  b i a x i a l l y  loaded.
The e l a s t o - p l a s t i c  behaviour o f  a beam-column of  wide f lange  
c r o s s - s e c t i o n  loaded b i a x i a l l y  can be i l l u s t r a t e d  by the  curve o f  end 
moment versus  a d isp lacement parameter (end r o t a t i o n )  shown in Figure
I I . 1. I f  the  s t r e s s e s  a re  w i th in  the  e l a s t i c  l i m i t ,  the  displacements  
of the  column in c rease  slowly with  the  load ing .  However, when y i e l d i n g  
s t a r t s ,  th e  d isplacements  in c re a se  a t  a f a s t e r  r a t e  compared to  the  
load.  The u l t im a te  end moment i s  reached when s t a b l e  e q u i l ib r iu m  i s  no longer 
p o s s ib le  between internal and ex te rn a l  f o r c e s .  This corresponds to  
p o in t  C on the  curve ,  beyond which,  the  load s ta r t s  to  decrease  with 
f u r t h e r  in c re a se  in  the  d isp lacem ents .
5 6
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The developments in the  s tudy of  b i a x i a l l y  loaded beam- 
columns, were surveyed by Chen and Santa thadaporn (10) and by P i l l a i  (45) .
, The following i s  a b r i e f  review of  the  prev ious  re sea rc h  
work on t h i s  problem.
A. E l a s t i c  beam-columns; Wagner (57) and Kappus (29) 
e s t a b l i s h e d  the  d i f f e r e n t i a l  equa t ions  f o r  the  tors ional buckling of 
th in -w a l l e d  open sec t io n s .  These equat ions  were extended by Goodier
(20, 21,22 ,) t o  inc lude  b ia x i a l ly  loaded beam-columns with the  assumptions 
t h a t  the  displacements and tw is t i n g  are  small compared to  the  e c c e n t r i ­
c i t i e s  of the  load ing .  Approximate s o l u t io n s  of  Goodier ' s  equat ions  
were .given by Thurlimann (55) and Prawel and Lee (45) .  In 1966, these  
equations  were solved e x ac t ly  by Culver (12) .
B. I n e l a s t i c  beam-columns: B i r n s t i e l  and Michalos (5)
p resen ted  a general  procedure  f o r  de termining the  u l t im a te  ca r ry ing  
cap ac i ty  o f  b ia x ia l ly  loaded beam-columns in  the  i n e l a s t i c  range .  This 
procedure  was f u r t h e r  s im p l i f i e d  and extended (6 ,  24) to  cover the  
deformational response of the  column from the  zero  loading up to  the  
u l t im a te  load and during unloading.  They inc lude  the  e f f e c t  of  r e s id u a l  
s t r e s s e s  and s t r a i n  r e v e r sa l  and confirmed t h e i r  theory  by experiments
(7 ,  8 ) .  However, th e ir  procedure  r e q u i r e s  success ive  t r i a l s  and c o r r e c t io n s  
and needs cons ide rab le  computational work. Sharma and Gaylord (40,  41) 
proposed an approximate s o lu t io n  f o r  the  problem but i t  does no t  s a t i s f y  
a l l  the  boundary c o n d i t io n s .  McVinnie (39) and h is  a s s o c i a t e s ,  S c o t t ,
Razzag and Masterson (38,  47,  50) p resen ted  an a n a l y t i c a l  s o l u t i o n  f o r
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beam-columns of  t u b u l a r ,  r e c t a n g u la r  and wide f lange  s e c t i o n s .  Load- 
d e f l e c t i o n  curves were s e t  up us ing a numerical  in tegrat ion  procedure .
In t h e i r  a n a ly s i s  they neg lec ted  the  e f f e c t  o f  t w i s t  and r e s id u a l  
s t r e s s e s .
The p re s en t  a n a ly s i s  i s  a l so  based on a numerical  i n t e g r a t i o n  
procedure to  f in d  the  column d ef lec t io n  curve in which the  e f f e c t  of 
t w i s t  i s  considered .  The r e s id u a l  s t r e s s e s  a re  taken i n to  account 
in the mathematical fo rm u la t io n s .  However, they a re  neglected in  the  
numerical  c a l c u l a t i o n s  as t h e i r  in c lu s io n  would be t ime consuming.
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CHAPTER 2
FORMULATION. OF THE GOVERNING DIFFERENTIAL EQUATIONS
I I . 2.1 Assumptions
The d i f f e r e n t i a l  equat ions  governing the  e q u i l ib r iu m  of  
b i a x i a l l y  loaded beam-columns a re  t r e a t e d  (20,  21, 54,, 55)' on the  b a s i s  
o f  the  following assumptions:
1. The beam-column i s  p e r f e c t l y  s t r a i g h t  and of
uniform wtde-fTange c r o s s - s e c t i o n .
2. The d e f l e c t i o n s  and r o t a t i o n s  are  too small
compared to  the  dimensions o f  the  beam-columns.
3. No ex te rna l  fo rce s  a re  app l ied  on the  beam-column
between the  supports.
4. ' The column i s  sub jec ted  to  b ia x ia l ly  e c c e n t r i c
load placed symmetr ically  a t  both ends.
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5. The s t r e s s - s t r a i n  r e l a t i o n s h i p  o f  the  m a te r ia l  
i s  i d e a l l y  e l a s t i c - p l a s t i c  (F igure  I I . 2 ) .  I t  i s  
the  same f o r  t e n s io n  and compression.  S t r a i n -  
hardening i s  neg lec ted .
6. The material i s  homogenous and i s o t r o p i c  in  both 
the  e l a s t i c  and i n e l a s t i c  ranges .
7. Unloading i s  not al lowed in the  y i e ld e d  p a r t s  
of the  beam-columns.
8. Yie lding i s  governed by normal s t r e s s e s  only ,  
i . e .  th e  e f f e c t  o f  shea r  s t r e s s e s  i s  n e g lec ted .
9. Axial shor ten ing  of the  beam-column i s  n e g lec te d .
10. The th ic k n e sses  o f  the  f langes  and the  web are
small in comparison with the  dimensions of  the  c r o s s -  
s e c t io n .  Therefore,  the  s t r a i n s  are assumed to  be 
uniform over these  th ic k n e sse s  and equal to  the  
s t r a i n s  a t  t h e i r  r e s p e c t i v e  c e n t r e  l i n e s .
I I . 2.2  The governing d i f f e r e n t ia l  equat ions
Figures  I I . 3 and I I . 4 show a beam-column under b i a x i a l l y  
eccen tr ic  thrust  P. The f ixed  c o -o rd in a te  axes a re  and s; the
e c c e n t r i c i t i e s  of P a re  and Gy at z = o and z = L. Figure  I I . 5 
shows a w ide-f lange  c r o s s - s e c t i o n  in the  i n i t i a l  and d i sp la ce d  pos i t ion s
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The d isp lacem en ts ,  moments, to rques  and t h e i r  s ign  conventions 
a re  defined in the  same manner as in the  case of  the  uni a x i a l l y  loaded 
beam-column. Moments and cu rva tu res  a re  des igna ted  as and 4»^  
re s p e c t iv e ly ,  in which the s u p e r s c r i p t s  i n d i c a t e  the  ax is  about which 
they a c t ;  whereas,  the s u b s c r i p t s  show th e ir  p o s i t i o n  along the  beam- 
column. I f  no s u b s c r ip t s  a re  used,  t h i s  i n d i c a t e s  t h a t  the  expressions  
o f  moments and/or  curvatures are v a l i d  f o r  any p o in t  along the  leng th  
of  the  beam-column.
From Figure I I . 4 ,  the  d isplacements  of  the  c e n t r o id  in the  
X- and y-  d i r e c t i o n s  are  given by:
Ü = u + y^B ( r r . 2 . 1 )
V =  V -  ( I I . 2 . 2 )
in which:
u ,  V = displacements  of  the  shear  c e n t r e  in the  
X- and y-  d i r e c t i o n s  r e s p e c t i v e l y ;
Xq, y^ =, d i s t a n c e  between the  shear  c e n t r e  and 
the  c en t r o id  of  the s e c t io n  in the  
X -  and y -  d i r e c t i o n s  r esp e c t iv e ly .
The bending moments a t  any s e c t io n s  along the  beam-column 
about the  x - , y -  and z- axes a re :
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= -P (Gy - V + XoG) ( I I . 2.3)
= P (e% - u - yo6) ( I I . 2 .4 )
Pf = 0 ( i l . 2 . 5 )
The r e l a t i o n  between moments and c u rva tu re s  in the  i n i t i a l  and d i sp laced  
p o s i t i o n  are  (54):
= M* + ( I I . 2 .6 )
( I I . 2 .7 )
Hf' = ( I I . 2 .8 )
and:
G ( I I . 2 .9 )
g ( I I . 2 .10)
i s  the  t o r s io n a l  moment caused by the components of  the  
ax ia l  force with respect to the  shea r  centre.  I t  i s  equal to :
Hf! = P (To - *0 3Y ) ( I I . 2.11)
p 2
M i s  the  tors ional moment due to  the  e f f e c t  o f  the  normal 
compressive s t r e s s e s  on the  warped c r o s s - s e c t i o n  (57) ,
MPZ = ( ;  0 r% dAc) ( I I . 2 .12)
dz
The r e l a t i o n s h i p s  between the  moments and and the  
cu rv a tu re s  about the  x- and y-  axes a re :
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= -B* dgv ( I I . 2 .13)
dz2
d%U
= By ( I I . 2.14)
dz^
The t o r s i o n a l  moment and the  angle  g a re  r e l a t e d  by the  fo l lowing 
equat ion  (9 ,  20,  54);
dz " dz3
The e c c e n t r i c i t i e s  o f  the  load P, at the  ends o f  the  beam- 
column a re  equal in each d i r e c t i o n .  T h e re fo re ,  the  end moments a t  A 
and B (Figure  I I . 3) a r e :
M*A = = P ( I I . 2.16)
M^ A = = P sSc ( I I . 2.17)
By mathematical  m an ipu la t ion ,  equat ions  I I . 2 . 3 to  I I . 2.17 
y i e l d  the  fo llowing  d i f f e r e n t i a l  eq u a t io n s :
2
B% + P v +  (M^ A - M*A = ° ( I I . 2.18)
dz^
B dfu +  p u  _  g  _ M^ A = 0 ( I I . 2 .19)
^ dz
C* " (Cy -  /  * dAc) -  (M*A - p i * ) )  3 ^  +
+ (M^ A - P%o) 3F = 0 ( I I . 2.20)
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I I . 2 .3  Boundary Conditions
The beam-column i s  assumed to  be simply supported  a t  i t s  
ends.  T he re fo re ,  a t  z = o and z = L the  boundary co n d i t io n s  a re  as 
fo llows (12):
= y  = B = 0 ( l a t e r a l  and t w i s t i n g  disp lacements  are  
prevented)-,
= 0 (warping i s  p e r m i t t e d ) ;
* "  = .
By -
? "  = -  ( I I . 2.21)
By
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CHAPTER 3 
METHOD OF SOLUTION
The d i f f e r e n t i a l  equa t ions  I I . 2.18 to  I I . 2.20 encounter  
t h r e e  in te r d e p e n d e n t  d i s p la c e m e n t  c o m p o n e n t s : : / ?  and p. The c o -
e f f i c i e n t s  o f  these  equat ions  a re  co n s tan ts  along the  l eng th  o f  the  
beam-column w i th in  the  e l a s t i c  range and become v a r i a b l e s  in  the  i n ­
e l a s t i c  r ange .  This makes the  problem too d i f f i c u l t  to  have an exac t  
s o l u t i o n .  Hence, a s o l u t i o n  based on a numerical  i n t e g r a t i o n  p r o c e d u r e ,  
to  o b ta in  the  column d e f l e c t i o n s  cu rves ,  i s  app l ied  (39) and modif ied to  
take  i n to  account the  e f f e c t  of  t w i s t .  To s im p l i fy  the  a n a l y s i s ;  the  
fo llowing two assumptions are made:
1.  The d i s t a n c e  between the  shea r  c e n t r e  and the  c e n t r o id  
o f  the  c r o s s - s e c t i o n  i s  i n s i g n i f i c a n t  and can be n e g lec ted .  This i s  
because under b ia x ia l  l o a d i n g ,  y i e l d i n g  u s u a l ly  occurs in both f l an g es  on 
o p p o s i t e  s id e s  o f  the  web (F igure  I I . 6 ) .  Thus,
*0 = ^0 = 0 ( I I . 3 . 1 )
65
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2. The angle  of r o t a t i o n  B along the  beam-column i s  
assumed as fo l lows :
g = Be s in ( I I . 3.2)
in which:
B = th e  an g le  of  r o t a t i o n , a t  mid-span.
This assumption f o r  B i s  very reasonab le  s in ce  i t  s a t i s f i e s  the  boundary 
c o n d i t io n s .  .
D i f f e r e n t i a t i n g  Equation I I . 2.20 w ith  r e s p e c t  to  z ,  and 
using Equations I I . 2.6 to  I I . 2.10 and Equations I I . 2.13 and I I . 2 .14 ,  
and cons ide r ing  the  e q u i l ib r ium  a t  mid-span o f  th e  beam-column, the  
fo llowing express ion  i s  ob ta in ed  f o r  th e  angle  o f  r o t a t i o n  &c:
{^ w (p-) + (^ T - /  a r  ^ dA )^  ^ A^ " A^ 4c^
............... ( I I . 3.3),
where:
and (j)^  = c u rva tu re s  a t  mid span of  the  beam-column aboutC L
the X- and y-  axes respectively .
The values  of .Cj , , and /  a r^  dA^, in Equation II .3  ..3
are  those  of the  c r o s s - s e c t i o n  a t  th e  middle of the  beam-column. .
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The s o lu t io n  i s  performed In th r e e  s t e p s :
'  1- Determinat ion o f  the  m o m e n t - th r u s t - tw is t - cu r v a tu r e
r e l a t i o n s h i p .
2- Determinat ion of  the  mechanical  p r o p e r t i e s  o f  the  
c r o s s - s e c t i o n .
3- Determinat ion of the  end-moment versus  e n d - r o t a t i o n  
r e l a t i o n s h i p .
I I . 3.1 Determinat ion of  the  m o m en t - th rus t - tw is t -cU rva tu re  r e l a t i o n s h i p
This i s  c a r r i e d  out in the  same manner as in the  case  o f  the  
u n i a x i a l l y  loaded members. For a beam-column, under b i a x i a l l y  e c c e n t r i c  
load P, each s ec t io n  along the  leng th  o f  the  column, in  the  d i sp laced  
‘p o s i t i o n  i s  ac ted  upon by a t h r u s t  P, as well  as a moment about each 
p r in c ip a l  a x i s .
The normal s t r a i n  a t  any p o i n t ,  c , ;  on the  c r o s s - s e c t i o n  may 
be w r i t t e n  as :
P = + pQ + %  + pR ( I I . 3 .4)
in which:
= warping strain ' . ' ' f
Since i t  i s  assumed t h a t  s h i f t i n g  o f  the  shear c e n t r e  can be 
neg lec ted  and the  s tra ins  across  the  f langes  and web th ic k n e sse s  a re  
uniform, i t  can be concluded that  the  web i s  f r e e  from warping s tra in s  
(51,  54).
R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .
68
Thus,  a t  any p o in t  on the  f l a n g e s ,  the  warping s t r a i n s  can 
be determined by the fo llowing equa t ion :
in which:
Wg represents the  double s e c t o r i a l  a rea  that a ra d iu s  
v e c to r ,  jo in in g  the  shea r  c e n t r e ,  S, and a point of  zero  warping,  sweeps 
up to  t h a t  p o in t  on the  f lange  (51,  54) .  The s ec to r ia l  area  i s  taken 
p o s i t i v e  when the  rad iu s  vector r o t a t e s  counter -c lockw ise  about the  
shear  c e n t r e .
Wg = ± G D (1 + K2/2) ( I I . 3 .6 )
The d i s t r i b u t i o n :  of  the  r e s id u a l  s t r e s s e s  i s  assumed as shown 
in Figure 1 .3 .  There fore  the  r e s id u a l  s t r a i n ,  e l . , can be c a l c u l a t e d  us ing 
Equation 1.5 in  the  form;
% = ?rt + ( I : -3-7)
(b/2)
Hence, the  normal s t r a i n ,  &, a t  any p o in t  ( c , ç )  can be
w r i t t e n  as:
s = A? . t  + P 0 -  S D (1 + K2 / 2 ) b " +
I f  th e  residual s t r e s s e s  are neglected ,  Equation I I . 3 .8  w i l l  
be reduced to :
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G = + GQ a g D (1 + Kg/ZÏB" ( I I . 3.9)
With r e f e r e n c e  to  Figure I I . 2, the  corresponding s t r e s s  
d i s t r i b u t i o n  may be w r i t t e n  as :
0  = E G - E [ G  ± G y] ( I I . 3.10)
The b racke ts  in Equation I I . 3.10 have the  same sp ec ia l  
s i g n i f i c a n c e  as i n d i c a t e d  before (Sec t ion  1 .2 .2 )
The e q u i l ib r iu m  between ex te rn a l  and in t e r n a l  fo rce s  r e q u i r e s
t h a t :
P = /  a dA^ ( I I . 3.11)
= /  o c dA  ^ ( I I . 3.12)
= /  o G dAc ( I I . 3 . 1 3 )
S u b s t i t u t i n g  the  va lue  ofcr'from Equation I I . 3.10 and d iv id in g  
by the  a p p ro p r ia t e  f a c t o r s  the  fo l lowing  non-dimensional equat ions  are  
ob ta ined  (39):
T Ç =  AT /  # -  dAc -  ;  [%- a 1 ] dAc ( I I . 3 .1 4 )
j   ^ y y
= D(i + *^ 2)
M* I *  " ' ^ y '  c '   ^  ^ c
{ /  C ( ; - )  dAi -  ;  ; ± 1] dA.)
( I I . 3.15)
Ml = D (1 + *2)1  y g dA -  ;  G [ f -  i  1] dA }
M* iX  Gy c ^
( I I . 3.16)
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The f i r s t  i n t e g r a l  in Equation I I . 3 .1 4 ,  I I . 3.15 and I I . 3.16 
r e p re se n t s  the  volume of- |—  d is tr ib u t io n  or i t s  f i r s t  moment about
y
the  G or  c axes (39) and i s  equal to :
e_dA  .  f a  ; ( I I . 3 .17)
&c sy :  "y
D (1 + Kj) ,5
 7K ;  S (# - )  dA = - X -  ; ( I I . 3.18)
' y 4y
7 Ï 4 y )  dA^  = g  ( I I . 3.19)
^ y
The second in t e g r a l  in Equations I I . 3 .14 ,  I I . 3.15 and I I . 3.16
■ ' g
i s  the  volume or  the  f i r s t  moment of  the  volume of  th e [g — : ± 1 ]  d i s t r i -
y
but ton  about the  z  and c axes.  I t  can be calcula ted f o r  any assumed 
s t r a i n  c o n f ig u ra t io n  in terms of  the  cross -sec t ion a l  dimensions and the  
s t r a i n s  a t  the p o in t s  1 to  6 (F igure  1.4)
For a wide f lan g e  sec t ion  b i a x i a l l y  loaded in  a beam-column, 
th e re  are  tw en ty -s ix  p o s s ib le  s t r a i n - c o n f i g u r a t i o n s  f o r  the case when 
residual s t r e s s e s  are  n eg lec ted .  These a re  shown in Figure  I I . 7.  Con­
s id e r in g  the  re s id u a l  s t r e s s e s ,  the  p oss ib le  c o n f ig u ra t io n s  w i l l  in c re a s e  
to  f o r t y - t h r e e  as i l l u s t r a t e d  in Figure I I . 8.
In a s imilar  way to  t h a t  in d i c a t e d  before ,  f o r  the  case of  
u n i a x i a l l y  loaded beam-columns (Chapter 3, Part 1 ) ,  Equation I I . 3.14 can 
be reduced to  the  following form:
Q + R + S = 0; ( I I . 3 .20)
y
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which can be solved f o r  ^
e
:
y
; .,0 /
5- =  -R- R2 -  4.Q^s ( I I . 3 . 2 1 )
2Q
Express ions for  Q, R and S were der ived  f o r  each s t r a i n  con­
f i g u r a t i o n  in Figures I I . 7 and I I . 8 and are  shown in  Tables 11 and 12.
Once the  value  of  y -  has been known, th e  s t r a i n  d i s t r i b u t i o n
sy
across  the  s e c t i o n  i s  de termined. T h e r e a f t e r ,  the  moment volume c a l c u ­
l a t i o n s  in Equations I I . 3.15 and I I . 3.16 can be performed. The f i n a l  
exp ress ions  f o r  Equations I I . 3.15 and I I . 3 .16 ,  neglect ing  r e s id u a l  s t r e s s e s  
a re  shown in Tables 15 and 16.
The m o m e n t - th r u s t - tw is t - cu r v a tu r e  re la t ion sh ip s  (The curves 
o f  Figures  11.10 and I . l l )  a re  obta ined  f o r  s p e c i f i e d  values of  P and b 
as fo l lows :
1. (f)^  and <j)^  a re  ass igned  certa in  v a lu es .  A s t r a i n
co n f ig u ra t io n  i s  assumed and with  t h e se  s p e c i f i e d  
values  o f  P, B, and the  c o e f f i c i e n t s  Q, R and 
S o f  Equation I I . 3.20 a re  c a l c u l a t e d  us ing the  
a p p ro p r i a t e  express ions  in  Tables 11 and 12.
2. Q, R and S are subst i tuted  in Equation I I . 3.21 and 
c
i s  ca lcu lated .
Gy
3. The s t r a i n  i s  c a l c u l a t e d  using Equation I I . 3 .14 .
4. The corresponding s t r a i n  c o n f ig u ra t io n  i s  found and 
compared with the  assumed one.
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5. The steps  1 to 4 are repeoted unti l  the ca lcu lated  
co n f ig u ra t io n  becomes the  same as the  assumed one. The moments and
M^are c a l c u l a t e d  using the  a p p ro p r ia t e  forms of  Equations I I . 3.15 and 
I I . 3.16
6. By varying and over the  d e s i r ed  range, the  
r e q u i re d  curves are determined.
7. S im i la r  curves are obta ined  by varying the angle o f  r o t a t i o n  g.
Using th e se  curves the  c u rva tu re s  <j) and cj) a re  ob ta ined  f o r
any combination o f  M^ , and g as fo llows:
1. For a sp e c i f i ed  value of ( f o r  example,  the  
curvatures,  resu l t ing  in th i s  moment, are found a t  the  in t er sec t io n s  of
with  the  cons tan t  and g curves Figure I I . 9. A p l o t  o f  t h e se  
i n t e r s e c t io n s ,  curve A, i s  shown in Figure 11.12.
2. For any value  o f  ( f o r  example, M^°) the  curvatures
r e s u l t i n g  in  th i s  moment a re  found a t  the  in ter sec t io n s  of  and the  
co n s tan t  and g curves .  Curve B of  Figure 11.12 i s  a p l o t  of  th e se  , 
in t e r s e c t io n s .
3. The in ter sec t io n  of curve A with Curve B determine the 
curvatures c|)^ ° and 4^°.
4. Should the  s p e c i f i ed  value o f  g be not the same as
the  one assumed in Figures I I . 9 and IT.10, steps 1 to  3 must be c a r r i e d  
out f o r  g smaller and greater than the  s p e c i f i e d  one and the  cu rva tu res
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<j)^ ° and (j)^ ° are  to  be determined by in terpo la t ion .
In o rder  to  f in d  the  i n t e r s e c t i o n  o f  curve A and curve B, 
second-degree polynomials derived from t h r e e  data p o in ts ,  bounding the 
va lue of  the  independent v a r iab le ,  are used f o r  a l l  i n t e r p o l a t i o n s  (50) .
I I . 3.2  Determination of the mechanical p r o p e r t i e s  o f  the  c r o s s - s e c t i o n
2
These are  the  c o e f f i c i e n t s  C y ( L , and f a r  dA^ which 
appear in equation  11 .3 .3 .  For s p e c i f i e d  va lues  of  c u rva tu re s  and 
and a s p e c i f i e d  angle  o f  r o t a t i o n , g , the  corresponding moments and 
s t r a i n  configuration a re  defined in step No. 1. T h e r e a f t e r ,  the 
mechanical properties are  ca lcu lated .  The S t .  Venant tors ional r i g i d i t y ,
Cy, i s  assumed to  be equal to  i t s  f u l l  e l a s t i c  t o r s io n a l  r i g i d i t y  r e g a r d l e s s  
of the  e x t e n t  of  y ie ld in g .  A deta i led  discussion  o h . t h i s  assumption i s  
given in chapter 3,  part I .
The warping r i g i d i t y  of  the  c r o s s - s e c t i o n ,  f o r  the  
d i f f e r e n t  s t r a i n  configurat ions ,  i s  calcula ted using the tangent modulus  ^ -  
concept; i . e .  i t  i s  equal to  the  warping r i g i d i t y  of  the  e l a s t i c  p a r t s  
o f  th e  c ro s s - se c t io n .  Expressions for  C§,, f o r  the  most prevalent c a s e s ,  
in which the bottom flange or  the  top and bottom f langes  a re  p a r t i a l l y  
y i e l d e d ,  a re  calculated approximately by u t i l i z i n g  the  assumption of  
neg lec t ing  the  s h i f t i n g  o f  the  shear centre as follows (51,  52):
2 2
Cw = Ecr (1 + Kg/2) ( I t f  + Ibf) ( I I . 3 . 22)
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in which:
and = the  moments of  i n e r t i a  about the  minor axis of
the section (y-axis) for the elastic parts of the
top and bottom flanges respectively.
In t h i s  equa t ion  the  c o n t r ib u t io n  o f  the  web to  the  warping 
r i g i d i t y  of  the  s e c t i o n . i s  neg lec ted  because i t  i s  very small compared 
to  the  r i g i d i t y  of  the  f l a n g e s .
Formulae were de r ived  f o r  each of  th e  s tra in  c o n f ig u ra t io n s
of  Figures  I I . 7 and I I . 8 in terms of the  s tra ins  at  the  p o in t s  1 to  6
(F igure  1 .4 ) .  These a re  given in  Tables  17 and 18 f o r  the  cases  when the
re s id u a l  s t r e s s e s  a re  neg lec ted  and taken in to  account r e s p e c t iv e ly .
O
Wagner's e f f e c t ,  f a r "  dA^, i s  c a l c u l a t e d  numerically by 
d iv id in g  the  flanges  and the  web in to  twenty equal p a r t s  and fo llowing 
the  same procedure o u t l in e d  in  chapter 3, part I .
I I . 3 .3  Determination of the  End-Moment Versus End-Rotation R e la t io n sh ip
The r e l a t i o n s h i p  between the  end moments and end r o t a t i o n s  
(F igure  I I . 1) can be ob ta ined  from a s e t  of  column d e f l e c t i o n  curves .
These curves are constructed u t i l i z i n g  the  same numerical techn ique  used 
f o r  the  u n i a x i a l l y  loaded beam-columns a f t e r  being modif ied f o r  the  
b i a x i a l l y  loaded members (39) .  In the  p r e s e n t  a n a ly s i s  the  e f f e c t  of 
t w i s t  i s  also  taken i n to  account .
Figure  11.13 shows a t y p ic a l  column d e f le c t io n  curve f o r  a 
beam-column under b ia x i a l ly  eccentr ic  thrust  with equal e c c e n t r i c i t y  at  
both ends in  each o f  the  p r in c ip a l  d i r e c t i o n s .  The r a t i o  of the  end-
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moment about th e  x - d i r e c t i  on t o  the  end moment about the  y - d i r e c t i o n  
i s  des igna ted  as y ,  hence:
The beam-column i s  d iv ided  in to  a number o f  small segments of 
equal l e n g th ,  a.  The p r o j e c t i o n s  of  a segment onto the  y -z  plane  and 
x-z p lane  a re  shown in Figure  11.14 and 11.15, The x and y d isp lacements  
a t  i a re  denoted by ^ i , a n d ' ^ i ,  r e s p e c t i v e l y ,  and those  a t  i + 1 by 
^ i  + 1 and ^ i  + 1. The c u rv a tu re  and rotat ion  at i a re  r e p re se n te d  by 
(j)^- and B-j. Assuming t h a t  the  p r o j e c t i o n  of  th e  element onto each of 
the  y -z  and x-z planes  i s  a f l a t  c i r c u l a r  arc (F igures  11.14 and 11.15) 
and con s id e r in g  the  geometry of  the  cu rves ,  t h e n  a ndv  d isp lacements  
and the  s lope  e a t  i* l  can be w r i t t e n  in terms o f u  , v  and e a t  i .
Vi + 1 Vi a.  TT /  y r_ e^i
 D—  = D + D ?  T T l ^  ^ ^ y
2 (1 + K ,)-  .................( I I . 3.24)
4y
ï m .  = a . % r
D D D 3 (T + K g y  X j X
' '/
- ^y / a \2  1 I 4^1 \
2!- (1 + Kg) .................( I I . 3.25)
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! l j L l  = ( f ï _ \  _ 3_ (_a_) /FT- ( I I . 3.26)
4^  I** ' n r*' y l*x J
= ( ^ )  - ! ( & - )  y T ( % - )  < " .3 .2 7 )
where:
<j)y i s  the  r o t a t i o n  caused by a moment, , a c t i n g  a t  one
“ he -■ ■ 
,x / ,x , Tv " ,^x
end o f  a simply supported beam o f  leng th  nr^yyg^"'  T 4»^  i s  chosen in
such a way t h a t  the  values  of  4 . ^  and 4/  ^  a re  numbers vary ing
from zero  to  u n i ty  o r  l i t t l e  g r e a t e r  (39) .  The leng th  i r r ^ / r  ' i s
' y
determined by equating  the  Euler Load, Pg, to  the  y i e l d  load ,Py  , in  which 
'Pg i s  equal to :
El
Pr = ( I I . 3.28)E g 2
At any p o in t  i on the  column d e f l e c t i o n  cu rve ,  the  moments 
about the  x- and y-  axes can be c a l c u l a t e d  us ing the  fo l lowing  equat ions ;
Mi P ^  n
-% = (1 + Kg) (-1)  ( 5 _ )  ( I I . 3.29)
My y X "x
MÏ P ,1 , /îii \ , D .
- i  = pT (1 + %2 0 -^ -) ( I I . 3 . 3 0 )
My *^ y ' x  ' x
The moments about the  I and ç axes a re  found using Equations
I I . 2 .6  and I I . 2.7 in t h e i r  non-dimensional forms. Hence^
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5  Y \ f
M-i Mj Mi
?  “ ( I I . 3 . 3 1 )
y y
MÇ M*
a ■(«-)'* \ 04 ( I I . 3 .32)
V
s r
The cu rva tu res  j and "l". are  determined from the  moments
C e
and by the  procedure  o u t l in e d  in  the  f i r s t  s t e p  (Sec t ion  I I . 3 . 1 ) ,  
from which the  cu rva tu res  about the  x -  and y-  axes a re  c a l c u l a t e d  
using the  fo llowing  equa t ions :
f l  1 ;  "^ i *i %
 ^ “ (1 + g.)2 ^  ( n .3 .3 3 )
To construct the  end-moment versus  e n d - r o t a t i o n  curve f o r  a 
s p e c i f i e d  value  y , the  mid-span p o in t  of  the  beam column, C, has been 
s e l e c t e d  to  s t a r t  the  numerical i n t e g r a t i o n  process  .:as 0 ^ and a re  
both equal to  zero (F igure  I I .13) .  Taking advantage o f  the  symmetry 
condit ion, only h a l f  o f  the  column l eng th  i s  considered .  The procedure  
i s  o u t l in e d  in the  fo l lowing s t e p s :
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1. The disp lacements  Vg and a re  s p e c i f i e d  and the  
angle  of  t w i s t ,  ^c,  i s  assumed. At the  beginning of  the  c a l c u l a t i o n s ,  
i t  i s  convenient to  assume to  be equal to  ze ro .  L a te r  on,  t h i s  
va lue  o f ^ ç  w i l l  be c o r r e c t ed  by t r i a l  and e r r o r .
2. The moments and cu rva tu res  a re  then c a l c u l a t e d  using  
Equations I I . 3.29 to  I I . 3.34.
3. D e f lec t io n s  and r o t a t i o n s  a t  the  nex t  panel p o in t  a re  
found using Equations I I .3 .24 to  I I . 3 .27 ,  where the  s u b s c r i p t  " i "  r e f e r s  
to  p o in t  C. The procedure  con t inues  to  f i n d  the  d isp lacements  a t  the  
next panel tak ing  i + 1 to  be i .  Then the  process  i s  repea ted  to  cover 
the  f u l l  leng th  of the  column.
4. The r a t i o  i s  c a l c u l a t e d  and compared to  the
s p e c i f i e d  va lue  y.
5. I f  the  c a l c u l a t e d  r a t i o  i s  equal to  y p lus  o r  minus,
a p e rm is s ib le  e r r o r ,  the  procedure  i s  followed immediately by s t e p  No. 6. 
I f  n o t ,  u ^ f i s  c o r r e c t e d ,  f i r s t  by the  method o u t l in e d  in  r e f e re n ce s  
(38,  47,  50).
6. The angle  o f  t w i s t  i s  then c a l c u l a t e d  us ing Equation
I I . 3 .3 .
7. The c a l c u l a t e d  angle  of  t w i s t  i s  used as the  assumed one 
and the  procedure  i s  repea ted  from s t e p  No. 2 u n t i l  the  d i f f e r e n c e  
between the  c a l c u l a t e d  angle  of  t w i s t  and the  assumed one comes w i th in  a 
t o l e r a b l e  e r r o r .  This would give a p o in t  on the  end-moment versus  end- 
r o t a t i o n  curve.
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The va lue  o f  U g , andj) a re  incremented by t r i a l  and 
e r r o r  u n t i l  s u f f i c i e n t  p o in t s  on the  end-moment e n d - r o t a t i o n  curve are  
o b ta ined .
In so lv ing  the  problem, the  d i s t r i b u t i o n  of  the  r e s id u a l  
s t r e s s e s  changes the mathematical  express ions  in s teps  one and two 
whereas those  in step t h r e e  remain u n a l t e r e d .  The mathematical  express ions  
were der ived  f o r  both the  cases  with and w i thou t  re s id u a l  s t r e s s e s .
However, only the  case without  r e s id u a l  s t r e s s e s  i s  solved in d e t a i l  
here  whi le  the  express ions  f o r  the  o th e r  case  are  presented f o r  f u tu r e  
r e f e r e n c e .
All the  numerical  techn iques  of  t h i s  work have been programmed 
in f o r t r a n  IV, on the  360/50 IBM Computer at the  U n iv e r s i ty  o f  Windsor.
A flow c h a r t  f o r  the  f i r s t  two s tep s  i s  given in Figure  11.16. The 
flow c h a r t  f o r  the  t h i r d  s t e p  i s  in d ic a te d  in Figure 11.17.
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OBSERVATIONS
I I . 4.1 Summary and d i scuss ion  of  the  r e s u l t s .
Several  f a c t o r s  a f f e c t  the  behaviour  of  b i a x i a l l y  loaded
beam-columns. Among th e se  a re  the  c r o s s - s e c t i o n a l  d imensions,  the
1_
slenderness  r a t i o ,  —  , the  r a t i o  o f  the  moments a t  each end, y , and 
the  ax ia l  load P. The considerat ion of  a l l  these  f a c t o r s  would r e q u i r e  
the  s o lu t io n  o f  an extremely l a rg e  number of  problems. Since the  prime 
purpose o f  t h i s  a n a ly s i s  i s  to  develop a method of s o l u t i o n ,  r a t h e r  than 
presenting a numerous s e t s  o f  i n t e r a c t i o n  curves ,  only an 8 WF 31 
beam-column i s  examined. The slenderness r a t i o ,  ~  , i s  cons idered  in
p . y
the  range from 20 to  140 and ^  from 0.2  to  0.8  with the  va lues  of  y
y '
0 .2 ,  0.4 and 0 .6 .
In the  development o f  the  column d e f le c t io n  cu rves ,  the  panel 
length , a, i s  taken with a maximum value of two and h a lf  times the  radius
80
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of  gy ra t io n  about the  minor a x i s .  The r a t i o  i s  taken in  the  range
,
from 0 to  10.
The i n t e r a c t i o n  curves,  r e l a t i n g  the ax ia l  fo rce  and the
u l t im a te  end moment, co ns t ruc ted  in a non-dimensional form, f o r  d i f f e r e n t
L
values  of  —  are  shown in Figures 11.18 to  11.20. On the  same curves ,
y
the  r e s u l t s ,  obtained from the  fo llowing Column Research Council (CRC) 
Equation (19) ,  a re  p l o t t e d :
Po S* ay (1 - P/P^x) Sy Oy (1 - P/Pey) '
.................  ( I I .4 .1 )
where:
^0 ^  , L :
p ~  = 1.0 ■ T o T  ( ~ J4tt2e ^y
Equation I I . 4.1 can be w r i t t e n  as (19):
where the  e c c e n t r i c i t y  r a t i o s  m_ and m., a re :A y
nix =
My fx;b ( I I . 4.4)
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and the  a m p l i f i c a t i o n ' f a c t o r s  “x and “y are :
p
P  ( I I . 4 .5 )*y = T p 
ey
Galambos (19) proposed the  i n t e r a c t i o n  equa t ion :
This equation con ta ins  the  fo l lowing unconserva t ive  
assumptions:
1. The a m p l i f i c a t io n  factors  “x and “y a re  assumed equal
1 . 0 .
2. No red u c t io n  f o r  l a t e r a l  buckling i s  al lowed f o r  the  
component of  the  equation dea l ing  with bending about the  s t rong  a x i s .
The in teract ion  curves c a l c u l a t e d  by Equation I I . 4 .6  are  a l so  
shown in Figures 11.18 to  11.20. From these  f i g u r e s  the  fo l lowing  r e s u l t s  
a re  observed.
l a  - For a constant value of the  ax ia l  load P and the  
s lende rness  r a t i o  —  , the  u l t im a te  end moment about the  x -a x i s  decreases ,
^y
appreciably,  with the  increase in the  r a t i o  y.
lb -  For a constant value o f  y and L /r y ,  the ultimate end 
moments decrease,  considerably,  with the increase in the value o f  P.
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l e  For a cons tan t  va lue  o f  y and P, t h e r e  i s  a s i g n i f i c a n t  
decrease  in the  values  o f  the  u l t im a te  end moments as the  s lende rness  
r a t i o ,  L / r  , i n c r e a s e s .
2 The comparison between the  i n t e r a c t i o n  cu rv es ,d ev e lo p ed  
in t h i s  a n a l y s i s ,  with the  i n t e r a c t i o n  curves of  the  CRC equation  show 
t h a t  the  l a t t e r  equation i s  too co nse rva t ive  e s p e c i a l l y  f o r  s h o r t  
columns. This d e v ia t io n  i s  a t t r i b u t e d  to  the f a c t  t h a t  the  CRC equat ion  
i s  based on e l a s t i c  analys is  whereas ,  f o r  s h o r t  columns a l a rg e  p a r t  of  
the  sec t ion  y i e ld s  before  the  u l t im a te  ca r ry ing  c ap a c i ty  o f  the  column 
i s  reached.
3. The comparison between the  i n t e r a c t i o n  equat ion  I I . 4 .6  
with the  present analys is  shows a b e t t e r  agreement.  Despite  the  uncon­
s e r v a t i v e  assumptions .  Equation I I . 4 .6  gives  co n se rva t ive  va lues  f o r  
the  u l t im a te  load.
I I . 4 .2  Comparison with previous  t h e o r e t i c a l  and experimenta l  work
The fo llowing t a b l e  shows the  comparison between the  u l t im a te  
s t r e n g th  p re d ic t e d  by the  present a n a ly s i s  with those  of the  experimental  
works conducted in  Germany and Russia (11,  33) and re p o r te d  in  r e fe re n ce  
(19).
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Spec i­
men No.
Sec t ion
s i z e
P
Py
Yield
S t r e s s
Ksi
L
■'^ y Y
Ult imate
Previous
work
U1timate
present
work
%
d i f f
Type of 
previou 
work
1 b = 16 cm 
d = 16 cm
0.549 38.2 57 0.365 0.340 0 .3 6 6 7.7 Expert
mental
2 t  = 1.5 cm
w = 0 .8  cm
0.390 37.2 57 0.365 0.480 0.474 1.33 (Ref.
(33))
3 0.214 37.4 114 0.365 0.338 0.350 3.5
4 b = 9 .4  cm
d = 1 8  cm
0.521 35.6 50 0.285 0.260 0 .280 7.8 Experi
mental
5 t= 0.6  cm? 
A^=30.6 cm
0.343 35.4 100 0.285 0.170 0.180 5.9 (Ref.
(11))
6
7
5WF 18:5 
5WF 18.5
0.280
0.326
35.7
35.7
75
94
0.50
0.305
0.495
0.482
0 .5 6 0
0.525
13.2
9 .0
Theo-
r e t ic i
(Ref.
(6) )
This table  a l so  shows a comparison between the  p re s e n t
s o l u t i o n  with the  t h e o r e t i c a l  r e s u l t s  of  r e f e r e n c e  (6 ) .  In view of  the
shor tage  of computer t im e ,  a l im i t e d  number of  comparisons are  made.
The comparison e x h i b i t  a reasonab le  agreement between these
r e s u l t s .  A b e t t e r  agreement i s  observed when the  s len d e rn e s s  r a t i o  ^
i n c r e a s e s ,  s in ce  the  e f f e c t  of  the  r e s id u a l  s t r e s s e s ,  which a re  neg lec ted
L
in t h i s  a n a l y s i s ,  i s  predominate f o r  columns with smaller —  r a t i o s .
y
The d iscrepancy  between the  r e s u l t s  o f  the  p re s e n t  s o lu t io n  
with those  of  the  exper imenta l  work may be a t t r i b u t e d  to  the  same f a c t o r s  
t h a t  have been mentioned befo re  f o r  the  case  of  uni a x i a l l y  loaded beam- 
columns (Sec t ion  1 . 4 . 2 ) .
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CHAPTER 5 
CONCLUSIONS
From t h i s  s tu d y ,  the  fo llowing conclus ions  can be drawn:
1. The p re s e n t  procedure f o r  ob ta in in g  the  u l t im a te  
ca r ry ing  cap ac i ty  of  b i a x i a l l y  loaded beam-columns, developed 
primarily f o r  wide f lan g e  s e c t io n s ,  provides a s im p l i f i e d  and r e l a t i v e l y  
f a s t  method f o r  p r e d i c t i n g  the ult imate  s t r e n g th  o f  these  members. I t  
can be extended to  cover o th e r  c r o s s - s e c t i o n s  such as a n g le s ,  channe ls ,  
T - s e c t io n s ,  e t c .  In g e n e r a l ,  the  method i s  a p p l i c a b le  to  any member 
whose s t r e s s - s t r a i n  curve can be idea l ized  i n to  a number of  s t r a i g h t  
l i n e s  of  d i f f e re n t  s lo p e s .
This a n a l y s i s ,  which i s  r e s tr ic t e d  to  p r i s m a t i c  columns 
with  i d e n t i c a l  loading  cond i t ions  a t  the  ends,  cou ld ,  wi th some m o d i f i ­
c a t i o n s ,  be app l ied  to  d i f f e r e n t  end loading condit ions .
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2. The p r e s e n t  a n a ly s i s ,  in  which the  r e s id u a l  s t r e s s e s '  
a re  neglected ,  tends to  ove re s t im a te  the  u l t im a te  load .  This can be 
shown from the  comparison between the  p re d ic te d  s t r e n g t h s  with the  
t e s t  r e s u l t s .  By i n t roduc ing  the  r e s id u a l  s t r e s s e s ,  the  disagreement  
between the  t h e o r e t i c a l  and exper imenta l  va lues  i s  expected to  be very 
small and the  method can then be considered  very r e l i a b le  f o r  p r a c t i c a l  
purposes .
3. I t  i s  confirmed in  t h i s  a n a ly s i s  t h a t :
a) The in c re a s e  in  the  axial load P and /o r  the  s lenderness  
r a t i o  7y  w i l l  app rec iab ly  reduce the  u l t im a te  end moments.
b) An in c re a se  in the  ra t io  y w i l l  cons ide rab ly  decrease
the  va lue  of  the  enchrtoment abou t  t h e  major  a x i s  a t  c o l l a p s e .
4. The CRC i n t e r a c t i o n  equat ion  provides too conse rv a t iv e  
va lues  f o r  the  u l t im a te  load and t h i s  becomes more ev iden t  with  the
L
decrease  in  the  slenderness r a t i o  zr- .
5. A s e t  o f  i n t e r a c t i o n  curves could be developed f o r  most 
of  the  broad f lange  sec t ion s  as well  as f o r  o th e r  s e c t io n s  t h a t  can be 
used f o r  design  purposes .
6.  The development of  a new i n t e r a c t i o n  eq u a t io n ,  t h a t  can 
encounter th e  p l a s t i c i t y  of the  s e c t io n  as well  as the  res idual s t r e s s e s ,  
i s  recommended.
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higurel'22:Lateral torsbncl bu: strength curves for
a 8WF31 (Oy=3G,-:^.\/r:0022 &5s:VlPy=12)
1 Failure by excessive bending considering residual 
stresses
2,3,4 Failure by lateral torsional buckling
2 neglecting residual stresses
3 neglecting pre-buckling displacements
4 considering residual stresses and pre-buckling 
displacements
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Figure 1-23-.Lateral torsional buckling strength curves for 
a 8WF31 (oy=36, ^51^  = 0.022 & 8st^y=12)
1 Failure by excessive bending considering residual 
stresses
2.3,4 Failure by lateral torsional buckling
2 neglecting residual stresses
3 neglecting pre-buckling displacements
4 considering residual stresses and pre-buckling 
displacements
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Figure I-24: Lateral torsional buckling strength curves for 
a 8WF31 (ay=36. ^st/£=Q 022 & =12)
1 Failure by excessive bending considering residual 
stresses
2,3,4 Failure by lateral torsional buckling
2 neglecting residual stresses
3 neglecting pre-buckling displacements
4  considering residual stresses and pre - buckling 
displacements
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4:r =0 40
D i m e n s i o n s  i n  i n c h e
b ? G'5 
d = !2 0
f G 2 5  
w =0 4 3 7
20 25
F i g u r e  1.26 L o f e r a !  t o r s i o n a l  buc k l i ng  s t r e n g t h  c u r v e s  X
f o r  on oluminum alloy s e c t i o n  Alcan No. 2 8 0 2 1  
Comper ing  t he  C c i c j l a t i o n s  with E g f /E  = 0 I 0 & 0 0
( C o n s i d e r i n g  p r e - b u c k l i n g  d i sp l a c e m e n t  e n d  
uming no r e s l d u o l  s t r e s s e s ,  dm = 2 7 k s i ,
E = 1 0 . 0 0 0  ksi  , & s t / € y  =10
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Figure 127: Comparison with oravious thecretical results for 
a 8WF31 (oy=33, ^ st/e  =0.022 & =12)
Results neglecting ras^^c., s tr e sse s  (E=2 9 ,0 0 0 ksi) 
(la) Ref. ( 41) , (1b) preseni irwestigation
Results neqiectir -buckling displacement (E:
30 ,000  ksi) (2a) Fbf. ( i4), (2b) present investigation
R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .
222
'A'
T -
•w
II
?
o
8 . 8
in
t i
0
o
o
Q
6
1
. 3
I
un
j=
S-)
g
"5
(n
O
j i n
u
=4(|L><
§
in
o
CO
n
A:
.V
jiO
J o
in
"tt—"O
CO
6
L_
. 0
LO
in
j :  ^
0  II
- I  > ,
L
P  C\! 
C\j
8 
II
JZ
-M
°  l U
8.  8'
C  II
8 . ^
©D!
P
3
O)
LL
R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .
6
II
Q>>
\
CL
O
o
II
8
II
I3=u
*
err
ro 
c  00
c
B
00 .G 
CM O
f
k.<D
jD
8i
<D
T3 C
Ü) o  
"> tO .
\ k.Ü
o
CVJ
00
ID
6
<d-
6
ro !
6  »
vlAI/ •'30|AI
g
0)
JZ
COco
(L>
m
O  AI
I—I
2
u
g )
Ll
R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .
'sf
ô
ii
*o
Î
S '
C
2
0
1 
I
o
t
X3
cn
c
L
C
0
1
t5
s
LÜ
00
II
I3=u
fO
c  Ll
N  «
Si
0
Q.
1
■o
©
jQ
8 I
c
©
!s i
\
c\j
00
c©
©
+-©
.o
m
c
o
'd- %
a
©
Si ro CVJ oCVJ CVJ CVJ CVJ
O Ô 6 o
o
<D
g
3
ü_
R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .
225
K
k .
B
§
co
O )
2
.y
-4-*
en
p
LU
c
O
D )
2
"U
3 )
O
d )
p
O )c
o
i :
d
> -  LO
enc
L-
I
ÜL
C
O
L_
"K
f
O )ç-so_c
u
C-
. 0
0
(Jc
0
3
O"
O
LO
M
u
: n
U I 02
O )
i L
R e p ro d u c e d  with pe rm iss ion  of  th e  copyright ow ner.  F u r th e r  reproduction  prohibited w ithout perm iss ion .
226
(N
H
-e-
w
Æ W
3
I 8
CM
u
-rik
X
cn k
0 cH CD
X CÜ
A k q
0 q
k 4->
I'd U}
H i
Pi CD CD
0 4-!
O k
CD 0  m
fO q 4-i 4-)
-k q
k  • e U] o
0 k 'O 6
a fC) 0
-k 0  g
-iJ 0 H
k! rC).
rü O' q
0 q  CD
Ü •k
r4 H
X  q
0 0 u  . qr-i m q V*
Â 0 A  CD
<
I I
X >>1 -e*
\
<Ü
I
u
1
CO !
iCD
X X Ü
SI <
: q U \ "0
k! C.) X
•k CN s: CN
iCi) i Ü k
cn
(D 0 Q) D
q r-i q q
-k ! 0) 5 •k H
s 4D q
q > (D
b 0, o  1 0 -P
CO CD k 0) q
pD; rQ A
q (D q ■P B
m -k U) 0
q rX u
! rk i rk Ü
1 rH :—1 0) T5
q b rk G
U U o CD Ü fQ
R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .
227
Hj
OrH
H
m
H
5^
•H
R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .
228
PI
o;
c \ir
Oi
Q r '
O!
00!-!
X >1 I I
Oil
o ?
C |
c\j'
— ^
+ E3 \A#: 31 
A 10 WF 
0 14 WF 
o 14 WF 287
S:
0 1b 20 30
igure.
=0<
.Ljr'XAcüijrT:;
0  r n c K T k ^ i t  \
)2 2 . 6S I
y
ism p Tor
J b O  K S i,
on
R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .
229
O
X >,CU
os
o
C\i
° i
§L
+ 8 Wf: 31 
A 1 0 \A Æ :  E ) 9  
014 WH 142 
0 14 WF 287
= rlgkib/ (ibcxjl the
\A%%ik (ixis for fuH 
section. □
î
y
(1C)C) (D2%3 (D^K:) CXGO ( ) E 3 0  1.()C) .20
h igure i"64: \/brsusy 
=(:%:))
B ,
" y
CZijrx/cïSi
R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .
230
c
=:
X > CDko iV ^  .
X \ 1
z O!rn ;
o i
i
C l  ^ :
O f
OJL.
O
O
HI
4- cB x/v ';: :Bi 
6 1(] V'vi:' 2 ic ;
0 14 WF 142 
o  1^1 :2!E3'7'
i(:).0(:) ;2(:;.c)(:) :)(:%:)(:)
w
(]LjrG. \ f e r s . . s  C \ \ / C  
(F )/!? , = ( : . 0 )
'<..-3 I • \rr‘'
V
R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .
231
^—
H- 8  WF 31 
A 10 WF 89  
0 14 WF 142 
0 14 WF 287
0.24 0.32 0.40 0.48
^ o / d
FigureI36; M yM ^ Versus ^o/d Curves 
( F / l ^  = 0 . 0 )
R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .
y
î
2^2
O
oo
o
X
X
O
Q
O'I"
oi
o l
+ XfX/F: 3)1
Zi Ü.J \/\/h" (:%=f
A /. \ k /r“ ï A 
0 _
o TVl/!:" Z!f5lir
0
j :~r
-0.50 -025 C ) 0 ( ] (I).:);:) (:)/:)() (:):7!5
r O
JczTr'^-
% I C “
Il I
1.00
k -ic jijn s  jL'35
\ /
V srsus (1 -
R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .
CO
O J
( 0
i O
y
233
C\J
X(/)
(U in
>  LU
r -  C \]
6) 3
Üc
p
U.I
\tn
D) . m
(/)v/
b
CO
rn
R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .
oi
(
î
i
! 0t
i
I ,
2:)4
jC
s  w
C\l
O
-  ô
:i
LU
\
s  J
._r
.!= "o
o  O  
o  IP
O C)
*' ' K „J
m
ro
m
O 00 9
JA !/ J30!
R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .
i(0
CO
—^
o
/ d|/U /JOCh., \
235
O)
CO
o
g
b:
>> d
y
P
d
Q
C\j
OJ
O
O
II
UJ
U) IL
01
Q
CO
CO
c:D
R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited w ithout perm iss ion .
2 3 6
ï
O X
C\j
y
" ù
o
II
Uj
<—(f)
wj
o
çy
II
où
<—V)
IV
(?) , tç)
8
K)
'O
O
03
OU
o
eu
oo
c\]
p c : :
. o-4 OJ
eu
O
CM
ü_
k CM 
(/) V
O
II
(U
u  ^  
E  w
O) LU
s  . z  
% i?
g §
1  «
§
2
3
O)
L
R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .
(JÜ
237
00
TT
OM—
in
''C  u
C5s^
(ü
C\j
c\jo
O
b )  "
LU
—1^—
^  %  
O) IJJ
^  _ r
10
^  O
?  ^
$  ■'
H  b="
CM
M"
A
2
3
.5^
Li_
R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .
238
\ O
\
%
\
\
\
%
, e '0
- f g
i M"
JLS3!3 jj/Vi <31
J 8
i C\j 
IM"
\
\
\ OJ
 ^ II
\
\
%
\
\
q G',
\ 8 
\ IT
w
o \
L) m o
\  !i \
\
<:) \  (3 \
o
" \ " \\ >* . > % ' > *
\ .
\
\
\
\
\S*J
\
%
\
0  \
\
\
\
\
® \
\
-\
V
' 0
\
! o
i §
i r o
O
J Ol o
(5 8  :j/k\ ()l -Ji(3  H-
S  a
;zt?l :j M i? l
\ \
\ \
\ \
% \
\ '  \ 
\  € )  \  0 is ::j/b \8
C3
. 9 -
j c
(/)
c :
.9
JO
Ô
O
V)
(U
(/)
L_
(1)
>
o !
O  CL
oo m
r—4
d )
o L_39 O)
iZ
oo
o CO
6
<10
Ô o
OJ
6
'X  a .
R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited w ithout perm iss ion .
239
a
o
o
yb o 
§E
o
o
b
ü
UJ
(3) r-^
P  O
p _ o -
=  c  
\ /
y  C)
^  g
L» f"
I 8
-rJ <
2
i
Ll
R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .
240
end-momenf
p = C o n s t a n t
End ro'&'GYZon
: ;L [sic<3% (- vGHTESijis encd ro1iafi()ri (:ijir\/e
'7c,r C3 (>c u .-  'i
R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .
21+1
(A
(/)
C
r
: l a e a n : s t r e s s - s t m i n  d î o q r a m
R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited w ithout perm iss ion .
242
L.
1  ^  ^fw* • i i '«.»4 ft i
.-m, j  ^
* i ft y 6 ft ft y ^
R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .
243
Figure H. 4  : B ecn i-cc iu n in  bioxicHy eccen ir ic
^  ’•i»- 4’V^ftBfc'WW
R e p ro d u c e d  with perm iss ion  of  th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .
244
O
\—
E
O
Ë
u
o
il
CO
' U
(/) c
(/)
2 C(UU u 
o
>> 
O  . 3
fiII
w  J -
TD £
Ë  Ë
(- (J
m
2
D
Q)
ü_
R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .
4
1
FigureE'G: Usual pattern of yielding in 
in a cross section of a beam-colum 
loode d biaxiaiiy
R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .
246
_o
o
oÇ)
to
8 t J
u .f—
o
p
dc G)
C
"Ôo 0)
p 6
o
<D o(f)tf)
o p
to
p g
m ëto
f-n
d
b "Do o
o
P
4=
If)
(/)
o
CL c:
[J
! L
n
n
u
LJ
W-J
X i "
n
n
U
n
u
i s_
V
i I X —sJ ! c\{
A
&
u
a
a
t::;
w
wJ
OJ
CO
«— s
CO
0 —
g
Q
N
U
H
LJ
r o
h -
P
T',)
LJ
I ri ,-,>
n yiL%
u
n
i \ j
OJ
R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .
24?
r .0
u
(ü(01
(O
n
i O
il
c\j I
ü
n
-
v_,
_(/)
k:3
Ou
b
G)
8
2
o
(0
wü)w
0)
o3
T!
u
r
u
u
u
-
u O
k f
U
U
R
(D
;
I''"??'
w
R.
ro
c\j
(\j
(\J
O
0
u
J
c
1
V)
C)
25
I
r*
u
c
0
]5
g
ia
1
i
P
i i-n
FI
U
u
0
m
CO
D
n
r
o
00
M n i l
ü
n
Ü J
m
ü
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
248
n
u
.A
J
%:
(P
lx(
p
□
L\]
:
' ^0.
n
.  J
o
O
G)
Rr J Il! K- eu O ro
g )
ii_ 0 n , J
M
n F|kaI L n K^)
h i
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
249
(0
"Gen
tn
G
(!)
O)c
o
u
o
c
c r
C)
(O
G)
p
1
(O
E
I
o
f . n
O
(.:')
Ü)
09
O
313
'%
(U
O)
ç
c
C)
ol
S3 (0 ! 
c  »W I
1  e
Pî:-; o
0)3
Q.
6)
IW
(0
V)c
p
2  
3  ' 
O)
ù
ü
8
lU)
ü_ -
QSj"
1^ 2)
8  
iW -
Ü_
O
! 0
IW
o
ü_
1
?!
ai
00
5
CL
+
?i-O- tnl
61
'W
' +  
Iw"-
I I
o .
ILÜ
O
L.
O
k -
f
- J
+
II
-8
'W
o  u
O')
o
iZ
A
O
- 6 "
7
Q
iw  - 
ü_
< j
8 1
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
I
cn
LL
O l)
o;c
o
N
C
O
(/)IC
o
X
O
<
o
VlAW
f  A
'•
LV
>■
< [
- f ,  , r .
n
,U  Ü
&
r ^ /s _ < 3 :
«d-
L i.>  VL r vu /I
%
fr;
<
lO
<r
U
<
)2
o
o
U B X
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
251
o
o
O
(S
71 - . J
! .
d
J
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
252
1
a
o
13
EZ
8
(D
d
o
O )
O :
oli
p)
G)
c:
S '
c
g
2
CL
E
o
u
"O
13
g
> -
(\j
O PI
Id
'55
w
0 )
c :
o
o
vV
;  ’ 
J
 ^ V
u
(Tij
1
h -
2
n
g
U _
:  O
r
A
10
cu
U
U
_  o
o 
CD
4—
:
O  B
(O
O
CD
X
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
_ _
k l
— CD r
-3»
t)—
LU
O
253
x _m
c , ^  o T1 1
o'! rU-. U L
8
Ü
2
Z)
Li.
c
0  
Î0
1
E
o
u
%]
(D
"O QJ
O)c=
§
c
I
"8
Q
1
a
2
z
X
V
V )'
t) - L
vi;
Lv" f
o
CD
&
o
CO
^  O
'2  2  
(U
Uv
V
Liv
_L
-4
H
in
o n
6  i #
O. Ü-
L & :
«4—
Â
UÎ'
Civ
V
Cl^
W
ÜJ ± :
11^ (2
o
CD
O
CD
u f  O
& } S
I}— O
— o
o
8
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
254
O'
IZ
?
c
U
O l!
ii
N
C
o
'5Ù)
2
a .
S
oo
o
13
r
u f
N
C
P
'5
CD
-o
.5
i
p  h . 
c  1=^
f<Âf
I
X
Cif'
o f
w
J"
V
Ü?
|2
8
u "
cv
g  q "
CD
O
O
O
\ÿ w
M»-»
|2
o _
a
u
w
(S
o
O
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
255
c
6
O J| ^
%{ 
(Sil
1
ÔS
td
2
O)
D
C=
O
M
Cg
'( / )
(/)
2
8
%
z
g
PT)
Li
d
= c
I i
0)co
N
Co
'( / )
s
" O
<D
13
(D
— eu
V LU
w "
^  8
a  o
f \
(V
w
//) 14“
(0(D
:EC
2
oCL N
c d0)<D 0)L_
2 .(D
.a IE
k_0) g
E k_(U3 4-
z 2
X
1
V/
u i^
4—
V
u T
w
Ci)"
V
w
4-
2 =
N
3 * 1
10
lU
8
u f
8
ü f
8
J
u f
|2
6
O
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
256
ÜJ
(DU)
S
0)
M
2
3
O»
iL
Lü-
ÜJ
Q)
C
O
N
C
0  0)
1
8
"OQ)"O
.92
>•
w
Q)
C
N
C
O
0)co
"O0)
%;
0)
(g-
V
vi7
fO
LU
U
->i
O
(0
i u
N
ÜJ
.uÆ.
(g
(/)
W
I
i  K
<U Q) 0) k-
II
en o
k-
% 3  o
u 7 -  0
i jV
J -
V
k*- ciJ
n 5
" z :
y
D
(M
n
u
V V
t u
I #
ü f
V
J "
" o
ÜJ
3 C
U
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
257
<p -  constant for each curve
fM
M
The load P and the roîofion are 
constants for all curves
Figure n. 10: Moment -Curvature curves about T-axis
<|^ = constant for each curve
The load P and the rotation are constants 
for all curves _______
Figure'll.II : Moment-Curvoture curves about4 -axis
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The load P and the angle of rotation p are constant
4*
Figure n. 12 : Curvature relationships for constant moment 
about each axis and constant rotation about 
the shear center.
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Figure E-15
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